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Chapter 1

Intr oduction

This thesisdescribesnew methodsfor extendingab initio electronicstructuretheory
calculationsto larger molecules. Ab initio methodsare important for investigation
of the chemicalpropertiesof large moleculesbecausethey remainthe mostaccurate
methodof computingtheelectronicstructureof a molecule.For thepurposesof this
thesis,the termlargemoleculesrefersto thosemoleculesthat requiremorethan 200
basisfunctions(vide infra). Moleculesof thissizearedifficult to describewith standard
methodsin ab initio electronicstructuretheorybecausethey requirelargeamountsof
CPUtime,diskstoragespace,andphysicalmemory. Subsequentchapterswill describe
ab initio calculationsin greaterdetail,but to summarizebriefly, theprincipalexpense
of ab initio methodsarisesfrom thebasisfunctiontechniquesusedto evaluatethetwo-
electronintegrals.Basisfunctionmethods,alsoknown asspectralmethods,expandthe
one-andtwo-electronintegralsasasumof integralsthatcanbeevaluatedanalytically.
Ab initio calculationsusebasisfunctionmethodsbecausethesemethodsprovideahigh
degreeof accuracy, especiallyfor theone-electrontermswherethefactthatbasisfunc-
tionsareanalyticallydifferentiableyieldshighly accurateintegration. Thesemethods
becomeexpensive as the sizeof the moleculeincreases.In particular, evaluationof
thetwo-electronintegralsusing ����� basisfunctionsscalesas �	�
� ������ , whichbecomes
prohibitivelyexpensiveas ���� increases.Evaluationof theone-electronintegralsusing����� basisfunctionsis muchlessexpensive,scalingonly as ��������� � .

Thenotation �	�
� ������ denotesthatwhen ����� is doubled,thecomputationrequires� ������� timesasmuchCPUtime to complete;similarly, thenotation ���������� � means
thatwhen ����� is doubledthecomputationrequires4 timesasmuchCPUtimeto com-
plete. When ����� is large—theassumptionmadethroughoutthe restof this thesisfor
scalingcomparisons—thehigher-orderscalingsdominatethe smallerorderones,so
thatacalculationthatdependsupondifferentelementsscalingas ����� ������ and ������������
scalesoverall as �	�
� ������ . Clearly, oneof the requirementsin makingab initio elec-
tronic structurecalculationspossibleon largermoleculesis to determinemethodsthat
scalewith molecularsizebetterthan ����� ����� .

Numericalmethodsprovidealessexpensivealternativeto integralevaluations.Nu-
merical techniquesevaluateone- and two-electronintegralsover a grid of points in
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three-dimensionalspace.Numericalmethodsscaleroughlyas ������� � , where � is re-
latedto thenumberof grid points(vide infra). Traditionally, numericalmethodshave
not beenusedfor electronicstructuretheorybecausethe accuracy requiredby elec-
tronic structuretheorycanbeachievedusingnumericalmethodsonly with animprac-
tically largenumberof grid points.Theone-electronintegralsareparticularlydifficult
to integrateusingnumericalmethods.

For electronicstructuretheorycalculationstherehastraditionally beena tradeoff
betweentheaccuracy of basisfunctionmethodsandthespeedof numericalmethods.
Becauseab initio calculationson smallmoleculesarenotascomputationallyintensive
asthoseonlargermolecules,basisfunctionmethodshavepredominated.As thesizeof
themolecule—andthus � ��� —increases,the ����� ���� � scalingof basisfunctionmethods
makesthesemethodsimpossible.Thus,to solve the ab initio electronicstructureof
largemoleculesnew methodsmustbedeveloped.

Thesolutionto theproblemof applyingab initio electronicstructuretheoryto large
moleculesis to usea hybrid approach,the pseudospectralmethod. The pseudospec-
tral methodutilizes the speedof numericaltechniquesto evaluatethe two-electron
integrals;andit utilizestheaccuracy of basisfunctiontechniquesto evaluatetheone-
electronintegrals. Evaluationof the two electronintegralsusing the pseudospectral
methodwith �����! #" grid points and ����� basisfunctions scalesas �	�
�$�%�& #"'� ������ —
approximately��������� � . At the sametime the accuracy achieved by basisfunction
techniquesfor oneelectronintegralsis preservedwith thepseudospectralmethod.The
improvementin scalingfrom �	�
� ������ to �	�
� ������ reducestheexpenseof calculations
on largermolecules,andpromisesto makeab initio electronictheorycalculationspos-
sibleon largermoleculesthatareimpossiblewith purebasisfunctiontechniques.

Thework presentedin this thesisdevelopsprogramsthatusepseudospectralopera-
tor constructionto calculatetheelectronicstructureof realchemicalsystems.Chapter
2 presentsanoverview of ab initio electronicstructuretheory, describingnot only the
mannerin which basisfunctiontechniquesareusedto evaluatetherequisiteone-and
two-electronoperatorsin electronicstructuretheory, but alsohow theseoperatorsare
usedto obtainconvergedwavefunctions.Chapter3 describestheformationof ab initio
one-andtwo-electronoperatorsusingthe pseudospectralmethod;andit outlinesthe
procedurefor usingtheseoperatorsto calculatethe electronicstructureof molecules
with a wide varietyof compositions,geometries,orbital occupancies,andwave func-
tions. The orbital optimizationtechniquesusedin standardbasisfunction methods
areusedwith the pseudospectralmethod;this combinationresultsin a programthat
hasthe flexibility of the basisfunction methodsandthe speedof the pseudospectral
operatorconstruction.Theaccuracy of thepseudospectralmethodis demonstratedus-
ing examplesof calculationson methylene,silylene,andethylene,with a variety of
geometries,spin states,andwave functions. Chapter3 demonstratesthat the speed
andaccuracy pseudospectralmethodsdisplayedwith closed-shellHartree-Fock wave
functionscan be extendedto: (i) generalwave functionswith arbitrarynumbersof
doubly-occupiedcoreorbitals, singly-occupiedopen-shellorbitals, and variably oc-
cupiedGVB naturalorbitals; (ii) the calculationof physicalpropertiesof molecules
ratherthantotal electronicenergies;(iii) a varietyof quality basissets,includingones
with diffusefunctions;(iv) elementsnot in thefirst row of theperiodictable,in partic-
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ular Silicon; (v) moleculesthatuseeffective corepotentials.This work demonstrates
thatthepseudospectralmethodcanbeappliedto any of themoleculescontainingmain
groupelementsthatthestandardbasisfunctionmethodscandescribe.

Chapter4 extendsthe methodsof Chapter3 to metallic elements,which present
particularproblemsfor thepseudospectralmethod.Thenatureof thechemicalbond-
ing is qualitativelydifferentbetweenmetallicelementsthanbetweennon-metallicmain
groupelements.Metallic systemshaveawider rangeof bondangles,bondlengthsand
coordinationsthandonon-metallicmolecules.Moreover, theelectronsin metallicsys-
temslocalizebetweenatomsin metallic systems,whereasthe electronsin molecules
composedof main-groupelementslocalizeontheatomsthemselves.Chapter4 demon-
stratesthat thepseudospectralmethodcanbeusedto form theab initio one-andtwo-
electronoperatorsfor Nickel clusterswithoutlossof accuracy. Chapter4 alsodescribes
theadjustmentsto theparametersusedby thepseudospectralmethodthatareneeded
to describethesesystems. Theseparametersare optimizedusing Ni � clusterswith
several differentgeometries.The generalityof the optimizedparametersis demon-
stratedby usingthemto determinea chemicalpropertyof anotherNi system.Chapter
4 demonstratesthatonthescaleof chemicalpropertiestheerrorthatthepseudospectral
methodmakesrelative to thestandardbasisfunctionmethodis negligible. This work
demonstratesthatwith theappropriatemodificationsto thepseudospectralparameters
to reflectthedifferentnatureof themetallicbonding,thepseudospectralmethodmay
beusedto describemetallicsystemswith virtually no lossof accuracy.

Chapters3 and4 presentmethodsto speedthe constructionof the operatorsre-
quiredin ab initio electronicstructuretheory. Operatorconstructionis themostcom-
putationallyintensive partof anab initio calculation,andfastoperatorconstructionis
essentialfor performingthis level of calculationonlargemolecules.Evenwith fastop-
eratorconstructionab initio calculationscanbedifficult on largemoleculesbecauseof
slow convergenceof thewavefunctionthatdescribestheelectronicstructure.Theelec-
tronic wave function is obtainedin an iterative fashion.A largenumberof iterations
doesnot posea seriousdifficulty for small moleculesbecauselittle work is required
for eachiteration;asthemolecularsizeincreasesthework requiredfor eachiteration
becomessignificant,andanefficient methodfor converging theelectronicwave func-
tion is essential.Chapter5 introducesthe Direct Inversionin the Iterative Subspace
method,developedby Pulayfor convergingHartree-Fockwave functions,andextends
it to generalwave functionswith arbitrarynumbersof doubly-occupiedcoreorbitals,
singly-occupiedopen-shellorbitals,andvariablyoccupiedGVB naturalorbitals.These
generalwave functionsarenecessaryto describephysicalpropertiesof realchemical
systems.Theconvergencemethoddescribedin Chapter5 rapidlyconvergesthesewave
functions,oftenin a fractionof thetime requiredby standardconvergencemethods.

The combinationof the fastoperatorconstructiondescribedin Chapters3 and4
andtherapidconvergencealgorithmdescribedin Chapter5 providesa methodof ac-
curatelycomputingthe electronicstructureof large molecules. Chapter6 describes
an applicationof thesemethodsto porphyrin molecules. Porphyrin moleculesare
tetrapyrrole ringsthatappearin a varietyof biologicalapplicationsincludingthepho-
tosyntheticreactioncenterandthehemegroup,aswell asmany applicationsin chem-
ical catalysis. Becausemuch of the chemistryof porphyrin rings proceedsthrough
the excited states,and becauseporphyrinsare primarily characterizedthroughtheir
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optical absorptionspectra,the porphyrinexcited stateshave long beenan areaof in-
tenseexperimentalandtheoreticalinvestigations.Approximatemethodsof electronic
structurecalculationshave suggestedthat the porphyrinexcited statesarecomposed
of coupledsingleexcitationsfrom thegroundstate.Thecombinationof thelargesize
of the porphyrinrings andthe multi-configurationalnatureof the excited stateshave
preventedab initio calculationson the porphyrinexcited states. Chapter6 presents
two differentapproachesto solve this difficulty, both of which usethe pseudospec-
tral methodof operatorconstruction.The first methodtakesadvantageof the planar
geometryof many porphyrinrings to separatethe s andp orbitalsof the molecules.
A potentialto replacethe s electronsis calculatedusingthe pseudospectralmethod.
This potentialis incorporatedinto standardbasisfunctionmethodsfor calculatingthe
multi-configurationalexcitedstatesin thep spaceonly. Thesecondmethodcalculates
explicitly themulti-configurationalexcitedstateenergiesandoptimumorbitals.All of
theoperatorsrequiredfor theenergy expressionandorbitaloptimizationequationsare
computedusingthe pseudospectralmethod.Both methodsyield excellentagreement
with experimentalresults.

This thesisalsoincludestwo appendices.Thefirst appendixdescribesaneffective
methodto evaluateHamiltonianmatrix elementsbetweenelectronicwave functions.
Suchevaluationsarenecessaryin deriving energy expressionsfor Hartree-Fock,Gen-
eralizedValenceBond, andother typesof wave functions. They alsocanbe useful
in computingcouplingtermsbetweengroundandexciteddeterminantsin Configura-
tion Interactionandpropertiescalculations.Thesecondappendixdescribestheenergy
expressionandorbital optimizationequationsfor the RestrictedConfigurationInter-
actionwave function, a moreaccurateway to includeelectroncorrelationin a wave
functionthatdoesnot requirea full transformationof thetwo-electronintegrals.These
appendicesareincludedbecausethey maybeof helpto otherresearchersin this field.

The work presentedin this thesisdevelopsnew methodsfor calculatingandcon-
verging electronicwave functions.Thesemethodsallow ab initio electronicstructure
theorycalculationsonmoleculesmuchlargerthanthosethatcanbeaddressedby stan-
dardbasisfunction methods.The useof largermolecules,in turn, allows theoretical
chemiststo usemoreaccuratemodelsto investigatechemicalinteractions.This thesis
alsopresentsanapplicationof thesemethodsto thestudyof porphyrinexcitedstates.
The calculationson the porphyrinsaresignificantnot only becausethey demonstrate
the typesof moleculesthat canbe studiedwith the pseudospectralmethod,but also
becausethesecalculationsshow goodagreementwith experimentalresultsfor an im-
portantclassof molecules.
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Chapter 2

Overview of Ab Initio Electronic
Structur eTheory

2.1 Intr oduction

Chapter2 presentsanoverview of ab initio electronicstructuretheoryandit reviews
thestandardmethodsthatrelateto topicslater in this thesis.Section2.2describesthe
natureof electronicwave functionsin general,andtheclosed-shellHartree-Fock (HF)
wave functionsin particular. Closed-shellHartree-Fock wave functionsareimportant
becausethey arethesimplestwavefunctionsusedin electronicstructuretheory. Much
of thework describedin this thesisinvolvesextendingmethodsdevelopedfor closed-
shell Hartree-Fock wave functionsto the more generalwave functionsdescribedin
Section2.7. Section2.3 describesopen-shellHartree-Fock wave functions,anexten-
sion of closed-shellHartree-Fock theory to wave functionswheresomeorbitals are
singly-occupied.Thesewave functionsaresignificantbecausethey arethe simplest
wave functionswhereorbital optimizationbetweenoccupiedorbitalsis necessary.

Hartree-Fockcalculationsgenerateagreatdealof informationabouttheelectronic
energy anddensityof themoleculesthey describe;Section2.4 describeshow this in-
formationis interpretedto yield chemicallyimportantinsights.AlthoughHartree-Fock
calculationscanprovideagreatdealof importantchemicalinformation,therearemany
typesof systemsfor which thesewave functionsareimpracticalor inappropriate,for
exampledistortedor dissociatedbondsor excited states.Section2.5 describesthese
shortcomings,andSection2.6describesaconvenientsolutionto many of them,namely
the generalizedvalencebondwave (GVB) function. Generalizedvalencebondwave
functionsintroducedegreesof functionalfreedomto theelectronicwave functionand
allow it to adjustmoreaccuratelyto its particularenvironment.In addition,theequa-
tionsfor optimizingthis typeof wave functionarepresentedin this section.

Section2.7 summarizesSections2.2–2.6by presentingthe form of the general
wave function having an arbitrarynumberof doubly-occupiedcoreorbitals, singly-
occupiedopen-shellorbitals,andvariablyoccupiedGVB naturalorbitals.Theenergy
expressionandorbitaloptimizationequationsfor thiswave functionarealsopresented
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in this section.Theseequationsaresignificantbecause,asstatedearlier, muchof the
work in this thesisinvolvesexpandingmethodsdevelopedfor closed-shellHartree-
Fock calculationsto generalwave functionsof the type describedin this section. In
particular, Chapter3 describesexpandingthe pseudospectralmethodfrom one that
describesonly Hartree-Fock wave functionsto onethatcandescribethis typeof gen-
eral wave function. Chapter5 describesexpandingthe direct inversionin the itera-
tive subspacemethodfrom onethatcoulddescribeonly Hartree-Fock andsingle-pair
generalizedvalencebondwave functionsto onethatcandescribethe typeof general
wavefunctiondescribedin thissection.Moreover, theconceptsof orbitaloptimization
describedherearealsocrucial in Chapter6, wherethe porphyrinexcited statewave
functionsareoptimized.

The final two sectionsof this chapterdescribetwo other relatedmethodsfrom
ab initio electronicstructuretheory. Section2.8 describesconfigurationinteraction,
where the ground statewave function is allowed to mix with excited wave func-
tions. Configurationinteractioncanmoreaccuratelycorrecttheflaws of Hartree-Fock
theory than can generalizedvalencebond theory, but at greatercomputationalcost.
Multi-configurationalself-consistentfield theory, describedin Section2.9,is amethod
of iteratively optimizing the orbitals of a wave function that consistsof more than
oneelectronicconfiguration.Configurationinteractionandmulti-configurationalself-
consistentfield theoryaresignificantto thework describedin this thesisnot only be-
causethey presentanimportantcontrastto thewaythatgeneralizedvalencebondwave
functionsdescribeaccuratechemicalbonding,but alsobecausethesetwo methodsare
themethodsnormallyusedto describethe porphyrinexcitedstatesin Chapter6, and
the methodsdescribedin that sectionarea lessexpensive methodof performingthe
samecalculations.

Thenext section,Section2.2,describesthenatureof wavefunctionusedin ab initio
electronicstructuretheory, andit presentsthe simplestcaseof thesewave functions,
theclosed-shellHartree-Fockwave function.

2.2 The Electronic Hamiltonian and Hartr ee-Fock
WaveFunctions

Electronicstructuretheoryseeksto find approximatesolutionsto the non-relativistic
time-independentSchrodingerequation[1](*) �,+ ) (2.1)

where
(

is theHamiltonianoperatorfor thenucleiandelectronsin a molecule.
(

is
givenby ( � -/.10
23  5476 8 � � - .19;:3< 4=6 8 �<�?> < -@.1023  A4=6 .79B:3< 4=6 C <D  < (2.2)E . 0
23  GFIH �D  JH E .79B:3< 4=6 .79B:3K 4=6 C < C KL < K
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for asystemwith ��MON electronsand ��P%Q nuclei,wherethequantitiesin
(

areexpressed
in atomicunits,

> < is thenuclearmassof atom R in unitsof electronmass,
C < is the

chargeonnucleusR , D  < is thedistanceof electronS from nucleusR , D  TH is thedistance
betweenelectronsS and U , and

L < K is thedistancebetweennuclei R and V .
TheHamiltonianis commonlysimplifiedusingtheBorn-Oppenheimerapproxima-

tion, which derivesfrom the observationthat nucleiaremuchheavier thanelectrons,
andconsequentlymove muchmoreslowly thando electrons.To a goodapproxima-
tion onecanfix the nuclearcoordinatesandconsideronly the electronicpart of the
Hamiltonian. Theconsequenceof this approximationis that theHamiltonian

(
now

becomes
( M�N , theelectronicHamiltonian,andis givenby [1]( M�N �W-/. 023  A4=6 8 � � -@. 023  54=6 . 9;:3< 4=6 C <D  < E . 023  �FXH �D  TH (2.3)

For simplicity, thetermsin
( M�N involving only oneelectronaregroupedinto a single

term Y , Y �W- . 023  A4=6 Z 8 � � E . 0
23  5476 .19;:3< 476 C <D  <\[ (2.4)

and
( M�N is givenby ( M�N � Y E . 023  �FXH �D  TH (2.5)

Thenuclearrepulsionenergy +^] � �_. 9;:3< F K C < C KL < K (2.6)

is constantfor afixedgeometryandcanbeevaluatedseparately.
(

will hereafterrefer
to only theelectronicHamiltonian

( M�N .
Thesolutionsto

(
arein theform of a productof molecularorbitals[1]) �@. 02`  ba  (2.7)

Themolecularspinorbitalsa  arecomposedof aspatialfunction cd andaspinfunctione  . Thespatialorbital cd is a functionof theposition D  of electronS . cd describesthe
spatialdistribution of electronS suchthat f cd !� D � f �'g D is the probability of finding the
electronin thevolumeelementg D . Thisprobabilityfor eachorbital integratedoverall
spacemustbeone,giving thenormalizationcondition[2]h cji � D � c  � D � g D �k� (2.8)

Spatialmolecularorbitalscanbetakento form anorthonormalset[1]h c i � D � cXH�� D � g D �@l  TH (2.9)
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Orbital cd alsohasa spincomponent
e  [1]. Thespinof anelectronin orbital cd is

describedby oneof theorthogonalpair of functions m —spin up—and n —spin down.
Eachspatialorbital canaccommodateoneelectronwith m -spin,andoneelectronwithn -spin.Thus,thesimpleproductwave functionhastheformc 6 m1c 6 n7c � m1c � npo�oqo&c .1rs
s m1c .1r�s�s n (2.10)

where��t&uOu � ��M�Nv � . Thewavefunctionfor anelectronthatdescribesboththespatial
andspincomponentsis thespinorbital aa 6 � c 6 mxw (2.11)a � � c 6 nyw

...a � . r�s
s!z 6 � c . r�s�s mxwa � . r�s
s � c . r�s�s n|{
Spinorbitalsareconvenientfor evaluatingmany of theenergyexpressionsin electronic
structuretheory;AppendixI describestechniquesfor evaluatingmatrixelementsusing
spinorbitals.

Becauseeachof the individual orbitals is normalized,the total probability [2] of
findinganelectronanywherein thewave functionis equalto ��MON .f ) f � � h ) i � � o�oqo&��M�N � ) � � oqo�o&��M�N � g D 6}{q{q{!g D . 02 (2.12)

The Pauli exclusionprinciple [1] statesthat a wave function mustchangesign when
thespatialandspincomponentsof any two electronsareexchanged.) � � w � wqoqo�o%wBS�wqo�oqo~w�U?wqoqo�oqw!��M�N � �k- ) � � w � wqoqo�o%wU?wqo�oqo~w&S�wqoqo�o~w&��M�N � (2.13)

ThePauli principlederivesfrom thefact thatelectronsareindistinguishableparticles,
so that observablepropertiesof the wave function cannotchangeuponexchangeof
electrons.Becausetheseobservablesdependon f ) f � , the wave function musteither
be symmetric(having the samesign) or anti-symmetric(having oppositesign) when
electronsareexchanged.In practiceonly anti-symmetricwavefunctionsareobserved.

Becausethewavefunctionsmustbeanti-symmetric,thesimpleproductwavefunc-
tion form 2.10will not work. A convenientmethodof makinga simpleproductwave
functionanti-symmetricis to write usea Slaterdeterminant.For thetwo electronsim-
ple productwave function cj6�� � � m�� � � cj6?� � � n|� � � , theanti-symmetricwave function is
givenby evaluating) � � w � � � � z 6B� � cj6�� � � m�� � � cj6�� � � nx� � �c 6 � � � m�� � � c 6 � � � nx� � � (2.14)� � z 6B� � c�6�� � � cj6�� � � ��m�� � � n|� � � - n|� � � m�� � �B� (2.15)
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The generalizationof the Slaterdeterminantto an arbitrarynumberof particles(and
usingspinorbitalsto signify anarbitraryspincoupling)is [2]) � � w � wq{�{q{%w!� � � �
��� � z 6&� � a 6 � � � a � � � � o�oqo a . � � �a 6 � � � a � � � � o�oqo a . � � �...

...
...a 6 ��� � a � ��� � o�oqo a . ��� � (2.16)

The �
��� � z 6&� � is the normalizationcondition. For convenience,two shorthandnota-
tionsareoftenusedfor 2.16.Thefirst) � � wq{�{q{~w!� � � �
��� � 6&� ����� a 6�� � � a � � � � o�oqo a . ��� ��� (2.17)

usestheanti-symmetryoperator� to representthedeterminantandexplicitly normal-
izesthewave function.ThesecondnotationusesDiracbracketnotation) � � wq{�{q{~w!� � � f a 6�� � � a � � � � oqoqo a . �
� �B� (2.18)

to representboththeSlaterdeterminantandthenormalizationconstant����� � z 6B� � . Both
notationsuseonly thediagonalof theSlaterdeterminantto representthewavefunction.

BecauseSlaterdeterminantsaresocommonlyusedto antisymmetrizewave func-
tions,individualconfigurations(asshown above)of awave functionareoftenreferred
to asdeterminants.

Even with the restrictionsalreadymade,it is not in generalpossibleto solve 2.3
for many electronwave functions. Therefore,ratherthansolve the exact electronic
Hamiltoniangiven by 2.3 the Hartree-Fock [1] (HF) approximationis made,which
solvesanelectron’s wave function in theaveragefield of all theotherelectrons.This
reducestheelectronicHamiltonianto [1](���� � Y E�� ��� (2.19)

where
� �x�

is a two-electronoperatorrepresentingthe Hartree-Fock field. Given a
wave functionwith � doubly-occupiedorbitals) � f c 6 � � � m�� � � c 6 � � � n|� � � o�oqo!c . � � � -�� � mx� � � -�� � c . � � � � nx� � � �B� (2.20)

wecansimplify thenotationby writing) � f c�6��cj61o�oqo&c . �c . � (2.21)� f � � � oqo�o&� �� � (2.22)

wherea bar over anorbital signifiesspin down, andno barsignifiesspin up, andthe
orderof theorbitalsimplieselectronindex. Theenergy of

)
is thusgivenby+ � � ) f ( f ) �� ) f ) � (2.23)� � � � � o�oqoB� ��/f Y E�� �x� f � � � oqoqo!� �� �� � � � o�oqo&� ��/f � � � oqo�oB� �� � (2.24)
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Thedenominatorwill beunity if thewave function is properlyorthonormalized.The
numeratorcan be broken into one-electronand two-electronterms,where the one-
electrontermsaregivenby� � � � oqo�o&� ���f Y7f � � � oqoqo!� �� � � .3  A4=6 � Y  A (2.25)

andthetwo-electrontermsaregivenby� � � � oqoqo!� ���f � ��� f � � � oqo�o&� �� � � .3 �� H&4=6 � ���  JH -��  TH � (2.26)

Theelectronicenergy is givenby+ M�N � .3  � YI A E .3  TH � ���  JH -��  JH � (2.27)

The
�  TH termsarematrix elementsof theCoulomboperator[2], which is thequantum

mechanicaloperatorcorrespondingto themacroscopicCoulombicrepulsionbetween
electronsS andU . Theone-particleCoulomboperator

�  � � � is givenby�  � � � � h c i � � � c  � � �D 6 � g D � (2.28)

where D 6 � is thedistancebetweenelectrons1 and2. Thematrix element
�  TH is given

by �  JH � h c iH � � � �  � � � c H � � � g D 6 � h c i � � � � H � � � c  � � � g D 6 (2.29)

This elementis commonlywritten �GS�S~f U�U � , wherethe first half of the symbolcorre-
spondsto electron1 andthesecondpartof thesymbolcorrespondsto electron2.

The �  TH termsareelementsof theexchangeoperator[2], which is purelya mani-
festationof theanti-symmetryof thewavefunctionandhasnomacroscopiccorrespon-
dence.Theone-particleexchangeoperator�* � � � is mosteasilydefinedin termsof its
actionon anotherorbital c H :�  � � � c H � � � ��� h c i � � � c H � � �D 6 � g D �q� c  � � � { (2.30)

The �  TH matrix elementis givenby�  JH � h cjiH � � � �  � � � c H � � � g D 6 � h cji � � � � H � � � c  � � � g D 6 (2.31)

Thismatrix elementis oftenwrittenas �GSGU�f SGU � .
The variationalprinciple statesthat the energy evaluatedvia 2.27of any approx-

imatewave function is an upperboundto the exact energy. Therefore,the optimal
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orbitals cd arethosethatgive the lowestenergy of thetotal wave function. As orbitalcd changesto �
cd E l cd � � �
cd E l � , theelectronicenergy from 2.27changesto [2, 3]+ ��S E l � �@+ �GS � E/� .3  � l f �  f S � E ��� l � � (2.32)

where�  is theFock operator givenby�  � Y E �  E 3 H'�4  � ���  -��  � (2.33)

TheFock operatorcorrespondsto thefirst derivative of theelectronicenergy with re-
spectto variationsin theorbitals.Because

�  5 �,�  A ,�  5 � ���  5 -��  A (2.34)

andwe canaddandsubtractself-termsto obtaintheclosed-shellFockoperator[3]� u � Y E 3 H � ��� H -b� H � (2.35)� u TH � � S~f � u f U � (2.36)

which is thesamefor all orbitalsin our doubly-occupiedcore. It is easyto show that
variationsbetweenoccupiedorbitalsdonotchangetheelectronicenergy for theclosed-
shellwavefunctionbeingconsidered,andconsequentlytheorbitalvariationsl c  must
beorthogonalto all occupiedorbitals.

In practice,theorbital optimizationis achievedby expandingtheorbitalsin a set
of Gaussianbasisfunctions[2] ¡=¢ cd � .1£�¤3 ¢¦¥ ¢� �¡7¢ (2.37)

for a basisset with ����� basisfunctions. Using Gaussianbasisfunctionsboth one-
electronandtwo-electronintegralsareeasilyevaluated.Y§ JH � .1£�¤3 ¢�¨	¥ ¢� ¥ ¨�H�YI¢�¨ (2.38)

is the expressionfor the YI TH matrix element,where YI¢�¨ is the oneelectronoperator
elementbetweenbasisfunctions¡7¢ and ¡7¨ , and� © JH � � S~f � © f U � (2.39)� �
ªXª«f SGU � (2.40)� .1£�¤3 ¢�¨ ¥ ¢� ¥ ¨�H?�
ªXª«f ¬« � (2.41)� .1£�¤3 ¢�¨	¥ ¢� ¥ ¨�H .1£�¤3J®�¯�° ©®�¯ �
±�² f ¬« � (2.42)
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is theexpressionfor the SGU -th elementof the
� ©

Coulomboperatorand� © TH � � S%f � © f U � (2.43)� �ª�S~f ª�U � (2.44)� .7£�¤3 ¢�¨³¥ ¢� ¥ ¨!H?�ª�¬|f ªX � (2.45)� .7£�¤3 ¢�¨ ¥ ¢� ¥ ¨!H .1£�¤3 ®�¯ ° ©®�¯ ��±�¬|f ²X � (2.46)

is theexpressionfor the SGU -th elementof the � © exchangeoperator. Theterms��±�² f ¬« � � h ¡ i® � � � ¡ ¯ � � � ¡ i¢ � � � ¡ ¨ � � �D 6 � g D 6%g D � (2.47)

arethetwo-electronintegralsoverbasisfunctions,and° ©®�¯ � ¥ ® © ¥ ¯ © (2.48)

is thecorrespondingdensitymatrixelementfor orbital c © . Thesetof orbitalsarevaried
by varyingthecoefficients ¥ ¢�S of thebasisfunctions.

A wave functionof theform of 2.20thatcontainsonly doublyoccupiedorbitalsis
calledaclosed-shellwavefunction[3]. Becauseall of theorbitalscanbedescribedbya
singleFockoperator� u thewavefunctionis saidto haveonly oneshellor Hamiltonian
[3].

For closed-shellwave functions, the orbitals are optimizedby first forming the
closed-shellFock operatorFc, givenby 2.33[3]. � u is obtainedby first forming the
coredensitymatrix

° u ° u®�¯ � t!uOu3  ¥ ®  ¥ ¯  (2.49)

wherethesummationoccursonly overdoubly-occupiedorbitals. � u is givenby� u¢�¨ � Y ¢�¨ E .1£�¤3 ®�¯³° u®�¯ � � ��¬« f ±�² � - �G¬ ±yf �² �B� (2.50)

in basis-functionspace,and � u JH � .1£�¤3 ¢�¨ ¥ ¢� ¥ ¨�H�� u¢�¨ (2.51)

over molecularorbitals,where S and U now rangeover bothoccupiedandvirtual (un-
occupied)orbitals.TheFock matrix in molecularorbital spaceis diagonalized´¶µ � ´ �,· (2.52)
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andtheeigenvectorś  givethelinearcombinationof occupiedandvirtual orbitalsthat
givetheimprovedsetof orbitals cd , andtheeigenvalues·  give theorbitalenergiesfor
theseorbitals. This procedureis repeatediteratively until either the orbitals or the
energy stopschanging;at this point the optimalsetof orbitalshasbeenobtainedand
thewave functionis saidto beconverged.

The next sectionextendsHF wave functionsto systemswheresomeorbitalsare
singly-occupied.

2.3 OpenShellHartr ee-Fock WaveFunctions

Section2.2 outlinestheequationsfor closed-shellHF wave functions,which describe
moleculeswhereeachorbital is doubly-occupied.Many moleculescannotberestricted
to this typeof wave function,eitherbecauseof anoddnumberof electronor because
of a spin couplingthat forcesmultiple orbitalsto be high-spincoupled.This section
describesan extensionof the closed-shellHF wave function for suchmolecules:the
open-shellHF wave function. For a moleculethat consistsof � u doubly-occupied
coreorbitalsand ��t singly-occupied,high-spincoupledopen-shellorbitals,thewave
functionis givenby [3]) � f c�6��cj61o�oqo!c . s �c . s c . sO¸ 67o�oqo!c . sO¸ . r � (2.53)

Theenergy of thiswave functionis givenby [3]+ M�N �,. s�¸ . r3  ��¹  
Y§ 5 E . sO¸ . r3  JH �
º� TH �  TH E/»  JH �  TH � (2.54)

where
¹  is theoccupationfor orbital S [3]¹  � � c  is doubly-occupied (2.55)¹  � � v � c  is singly-occupied (2.56)

and º� TH � �?¹  ¹ H (2.57)»  TH �k- ¹  ¹ H (2.58)

with theaddedconditionthat
»  TH �¼-¶� v � if S and U arebothopen-shellorbitals.Note

that2.54reducesto 2.27whenall orbitalsaredoublyoccupied.
Becausean open-shellwave function of the form of 2.53 requirestwo setsof

¹  
coefficients (

¹  �½� and
¹  �¾� v � ), the wave function is said to have two shells.

Because�
��t E � � Fock operatorsarerequired(seenext paragraph),thewavefunction
is saidto have ����t E � � Hamiltonians.

Theprocedurefor optimizing theorbitals[3, 4] is slightly morecomplicatedwith
theopen-shellwave function in 2.53thanit wasfor theclosedshellwave function in
2.20.For optimizingtheoccupiedorbitalswith theunoccupiedorbitals ����t E � � Fock
operatorsarenow required.For thecoreorbitals, � u , givenby� u¢�¨ � ¹ u Y E .1¿ 9;À3 © ��º u © � ©¢�¨ E/» u © � ©¢�¨ � (2.59)
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is formed,andfor eachopen-shellorbital�  ¢�¨ � ¹  
Y E .7¿ 9BÀ3 © ��º� © � ©¢�¨ EÁ»  © � ©¢�¨ � (2.60)

is formed. Note that thesummationhereis over ��Â'P%Ã , thenumberof Hamiltonians,
equalto ��t E � . Onedensitymatrix,

° u , is formedfor all thecoreorbitals,anddensity
matrices

°  areformedfor eachof theopen-shellorbitals.TheCoulombandexchange
operatorsassociatedwith eachof thesedensitymatricesaregivenby� ©¢�¨ � . £�¤3 ®�¯ ° ©®�¯ �G¬« f ±�² � (2.61)

and � ©¢�¨ � .7£
¤3 ®�¯ ° ©®�¯ ��¬ ±yf �² � (2.62)

Forming the matrices in this fashion saves considerableeffort becauseonly one
Coulombandoneexchangematrixareneededfor all of the � u coreorbitals[5].

Oncethe � Â'P%Ã Fock operatorsare formed in the basisfunction space,they are
againtransformedinto molecularorbitalspaceby multiplying by theappropriatetrans-
formationcoefficients[3, 4, 5] � © JH � .1£�¤3 ¢�¨ ¥ ¢� ¥ ¨�H�� ©¢�¨ (2.63)

For thecoreFock operator� u , S and U rangeover all coreorbitalsandall unoccupied
orbitals; for the openshell Fock operator � © , S and U rangeover open-shellorbitalª andall unoccupiedorbitals. OnceeachFock operatoris transformedto themolec-
ular orbital basisit is diagonalized;the eigenvectorsyield the linear combinationof
orbitalsrequiredfor thenext moreoptimizedsetof orbitals,andtheeigenvaluesyield
theorbitalenergies.

Unlike the closed-shellexamplegiven earlier, mixing occupiedorbitalsthat have
different

¹
, º , and

»
coefficients can changethe energy. Starting from the energy

expression2.54andtakingthepairwisemixing [3, 4] of orbitals c  and c HcdÄ � c  E l  TH c HÅ � E l � JH (2.64)

and c ÄH � cXH E l  JH'cd Å � E l � TH (2.65)

to preserveorthonormality, andexpandingthroughsecondorderin l  JH givestheequa-
tion for thechangein energyÆ +  JH�� � E l � JH � � � l  JH�RÇ JH E l � TH V� JH (2.66)
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where[4] RÈ TH � � S%f � H - �  f U � (2.67)V� JH � � S~f � H - �  f S � - � U�f � H - �  f U � E�É  JH (2.68)É  JH � � ��º� A E º�HOH - � º� TH � �  TH E � »  5 E/» HOH - � »  JH � � �  TH E �  TH � (2.69)

Requiringtheenergy changebestationary[3] with respectto l  TH givesl  JH �Ê- RÇ JHV� JH (2.70)

To preserveorbitalorthonormality[3], l H& �Ê-^l  JH . Onewayof makingthesevariations
simultaneouslyis to form the rotationmatrix

Æ
, the anti-symmetricmatrix with zero

diagonaldefinedby [3] Æ �_Ë Ì <jÍÏÎK ÍÏÎ- < ÍTÎK ÍTÎ ÌÑÐ (2.71)

Thenew setof orbitals Ò'c . MOÓ�Ô areobtainedfrom theold setof orbitals Ò'cdÕ NA"�Ô via the
transformation[5, 6] � c . MOÓ � �,Ö~×�Ø � Æ � � c Õ NA" � (2.72)

Thismethodcomputestheoptimalmixing of theoccupiedorbitalswith respectto each
otherwhile preservingorbitalorthonormality.

It shouldbenotedthatif two orbitalshave thesame
¹

, º , and
»

coefficients,asde-
finedby 2.56andrefeq:abdef,R  JH � Ì , and,consequently, no mixing is donebetween
thoseorbitals[3, 5]. Thus,whenthe wave function only consistsof closed-shellor-
bitalsno occupied-occupiedmixing is done,andonly occupied-unoccupiedmixing is
performedvia diagonalizationof theFockoperator� u . Theoccupied-occupiedmixing
would have no effect becausethe numeratorof the rotationmatrix

°
would be zero,

andtheorbitalswould not change.
In agiveniteration[5], first theoptimaloccupied-occupiedmixing is computedvia

equation2.72,andtheoccupied-virtualmixing is computedby forming anddiagonal-
izing theFockoperatorsfor eachHamiltonian,via equations2.59–2.63.Theiterations
continueuntil theorbitalsstopchanging,atwhichpoint thewavefunctionis saidto be
converged.

This sectiondescribedmethodsof obtainingconvergedorbitalsandelectronicen-
ergiesfor Hartree-Fock wave functions. The next sectiondescribeshow this datais
interpretedto yield chemicallysignificantinformationaboutthemolecule.

2.4 Inter pretation of Hartr ee-Fock Theory Results

A convergedwave function andenergy canyield a numberof chemicallyimportant
bitsof information.Theenergy canbeusedto determinetherelativeenergy of thepar-
ticulargeometrywith respectto otherconformationsor othermolecules[1]. Moreover,
thesquarenormof theconvergedwave functiongivestheelectrondensityof thewave
function[1]. This interpretationof thewavefunctioncanbeextendedto theindividual
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orbitals,so the electrondensityin eachorbital is easilyobtained.The electronden-
sity may be usedto calculatea setof atomicchargesandmultipole momentsfor the
molecule[7]. Finally, the individual orbital energies,via Koopman’s theorem[1], are
oftengoodapproximationsto theionizationpotentialof anelectronin thatorbital.

AlthoughHF wavefunctionsdescribeimportantpropertiesof many differenttypes
of molecules,therearesometypesof moleculesor statesfor whichHF wavefunctions
areinappropriate.HF wave functionsareappropriatefor moleculesneartheir equilib-
rium geometries,but becomeincreasinglyproblematicasthemoleculesaredistorted.
Thenext sectiondetailstheseandothershortcomingsof HF theory.

2.5 Shortcomingsof Hartr ee-Fock Theory

Hartree-Fock theoryis appropriatefor many differentapplicationsin electronicstruc-
turetheory, especiallyfor thegroundstatesof moleculesneartheirequilibriumgeome-
tries. It doeshavetwo majorshortcomings:it ignoresmuchof theelectroncorrelation,
andexcitedstatesaredifficult to calculate.

Thefirst shortcomingof HF theoryis thatelectroncorrelationis ignored[1], except
in an averagedsense.Electroncorrelationis the interactionsbetweenthe motionsof
the individual electrons,andHF theory, becauseit calculatesan electron’s motion in
theaveragefield producedby theotherelectronsratherthantheexactpositionsof the
otherelectrons,leavesmuchof theelectroncorrelationout.

Onemanifestationof theincorrecttreatmentof electroncorrelationin HF theoryis
the well-known fact that HF wave functionsof the type of equations2.20or 2.53do
not dissociateproperly. Considerthe H2 moleculedescribedby two basisfunctions,¡=� and ¡«N . ThegroundstateHF wave functionwill begivenby)���� � f5�G¡ � E ¡ N � ��¡ � E ¡ N � m«n � (2.73)� �Ù � � ¡=�q¡=� E ¡=�~¡=N E ¡=NÚ¡=� E ¡«NÚ¡=N � �
m«n - n«m � (2.74)

which is anaccuratedescriptionof thebondingwhenthemoleculeis nearequilibrium
bondlength.As themoleculedissociatestheterms¡«NG¡=N and ¡=�q¡=� in thewavefunction
becomeincreasinglyunstablebecausethey correspondto heterolyticbondcleavage.
The wave function shoulddissociateonly to the termscorrespondingto homolytic
cleavage,¡=NG¡=� and ¡=�~¡«N . Thevalencebond(VB) wavefunctionstartsfrom thecorrect
dissociationfragments¡«NG¡7� and ¡=�q¡«N . Consequently, theVB wave function is given
by )¶Û K � f ¡«NÚ¡7�qm=n E ¡7�~¡=NGm«n � (2.75)� �Ù � � ¡«N�¡=� E ¡=�~¡=N � �
m«n - n«m � (2.76)

which dissociatesto thecorrectlimit becauseit doesnot containtheheterolyticcleav-
ageterms ¡=NG¡«N and ¡=�~¡=� . A generalizationof theVB wave function,thegeneralized
valencebond (GVB) wave function, describedat length in the next section,always
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Figure2.1: Dissociationof diatomicsusingHF andGVB wave functions.

yields a lower energy than the HF wave functions,but the differencein energies is
negligible for smallbonddistances.

Figure2.1 shows an exampleof the incorrectdissociationof HF wave functions.
Shown is thedissociationof H � usingaHF wavefunction,with respectto thefragment
energy of theindividualH atoms.Onthesameplot is theGVB wavefunctionthatwill
bediscussedin thenext section.As is evident from figure2.1, theHF wave function
dissociatesto anincorrectlimit, onehigherin energy thantheindividualH fragments.
TheGVB wave function,on theotherhand,dissociatesto thecorrectenergy.

Anothershortcomingof HF theoryis that it is often difficult to convergeexcited
statesof wave functions[8]. Unlesstheexcitedstatehasa differentoverall symmetry
thanthegroundstate,it generallycollapsesto thegroundstateuponorbital optimiza-
tion. This preventsHF theory from providing chemicallyuseful information about
excitationenergiesandchargedensitiesof excitedstates.

Thenext sectionpresentsa simplecorrectionto someof theHF shortcomings,the
aforementionedGVB wavefunction,whichgeneralizesthetwo electronwavefunction
from equation2.76for many electronwave functions.

2.6 GeneralizedValenceBond Theory

One simple correctionto HF theory that overcomesmany of HF’s shortcomingsis
GeneralizedValenceBond(GVB) theory[3, 4, 5, 6]. GVB theoryreplacestheclosed-
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shellHF wave function ) �x� �ÞÝÝÝÝÝ t&uOu`  c � m«nxß (2.77)

with theGVB wave function[3])�à Û K � ÝÝÝÝÝ Ë t!uOu`  �c  Ú6 c  � E c  � c  #6 � Ð�á � � w � wq{q{�{%w&� t&uOu � ß (2.78)

where á � � w � wq{�{q{%w&��â ¥~¥ � is a generalspin wave function for the � t!uOu electronsand
theGVB orbitals cd #6 and cd � arenot orthogonal.It is generallyconvenientto replace
thegeneralspincoupling á in equation2.78with theGVB-PerfectPairing (GVB-PP)
wave function wherethe two electronsin eachGVB pair arepairedonly with each
other. This reducesequation2.78to [3]) à Û K ��ÝÝÝÝÝ t!uOu`  �
cd Ú6qcd � E cd � cd #6 � m=n ß w (2.79)

or ) à Û K � ÝÝÝÝÝ t!uOu`  cd #6�cd � ��m=n - n«m � ß { (2.80)

Equation2.80mayberegardedasageneralizationof equation2.77,whereeachorbitalcd in equation2.77is replacedby aGVB pairconsistingof two non-orthogonalorbitalscd #6�cd � cd �cd 
m=n*ãäcd #6�cd � �
m«n - n«m � � �cd #6�cd � E cd � cd Ú6 � m«ny{ (2.81)

For computationalpurposes,it is convenientto replacetheGVB pair�
c  Ú6 c  � E c  � c  #6 � m=n (2.82)

with thenaturalorbital representation[3]� ¥  Ï� c  5� c  5� E ¥  Aå c  5å c  5å � m«n (2.83)

where c§ 5� and cd Aå arenow orthogonalandgivenbyc  Ú6 � ¥ 6B� � Ï� c§ 5� E ¥ 6&� � Aå cd AåÙ ¥  5� E ¥  Aå (2.84)

cd � � ¥ 6&� � 5� c  5� - ¥ 6&� � Aå c  5åÙ ¥  5� E ¥  Aå { (2.85)

With thestrongorthogonalityconstraint,whichassumesthatGVB orbitalsof different
pairsareorthogonal,theenergy mayonceagainbewritten in thefamiliar form+ M�N � .1r�s�s3  ��¹  Y  5 E .1rs
s3  JH ��º  TH �  TH E/»  TH �  TH � (2.86)
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exceptnow
¹  is givenby [3]¹  � � cd is doubly-occupied (2.87)¹  � � v � c  is singly-occupied (2.88)¹  � ¥ � c  is apair orbital with (2.89)

GVB CI coefficient ¥  {
Similarly, º� TH � �?¹  ¹ H (2.90)»  TH �k- ¹  ¹ H (2.91)

exceptthat
»  TH �Ê-¶� v � if cd and cXH arebothsingly-occupied.

Furthermore,if c  is a pair orbital º� 5 � ¹  (2.92)»  5 � Ì (2.93)

andif c  and c H arein thesamepair, º� JH � Ì (2.94)»  TH �k- ¥  ¥ H (2.95)

Becauseequations2.66–2.69in Section2.3arederivedbasedonthegeneralenergy
expressionin equation2.54, the orbital optimizationequationsare still appropriate
for our modifieddefinitionsof

¹  , º  TH , and
»  TH . Thus, the sameequationsthat were

usedto optimizeopen-shellHF wavefunctionscanbeusedto optimizeGVB-PPwave
functions.

For a GVB wave function of the form of equation2.80 with �¶æ pairsand
� �\æ

naturalorbitals(oftenreferredto asa “GVB �¶æ�v � �¶æ ” wave function),
� �¶æ different

valuesof
¹  areobtained,andhencethewave functionis saidto have

� �¶æ shells.
� �\æ

Fock operatorsmustalsobeformed,andhencethewave function is saidto alsohave� �¶æ Hamiltonians.
Thecoefficients ¥  Ï� and ¥  5å for theGVB orbital areoptimizedeachiteration[3, 5]

by solving a two-by-two configurationinteraction(vide infra) for eachGVB pair to
minimizetheoverall energy with respectto the ¥  5� and ¥  Aå coefficients.This amounts
to solving[3] ç  ¥  � ¥  +  (2.96)

where ç  �äè ç  ��� ç  �%åç  �%å ç  å'åêé (2.97)ç  �%å �@�  Ï���  Aå (2.98)ç  ��� � �  Ï�¹  5� (2.99)
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ç  å�å � �  Aå¹  Aå (2.100)

The addedfunctional freedomassociatedwith having a pair of orbitalsdescribethe
electronpair allows theGVB-PPwave functionto incorporatetheappropriateamount
of ionic andcovalentcharacterfor any particularinternuclearseparation.Sucha mod-
ification to thewave function for theelectronpair is tantamountto includingelectron
correlationbetweenthe two electronsin the GVB pair. One importantresult is that
GVB-PP wave functionsdissociateto the correct limits, yielding accuratephysical
datafor chemicalsystems.Moreover, by selectinga higherroot to equation2.96ex-
citedstatescanbeselected[8].

Generally, molecularwave functionshave a combinationof orbitalsdescribedby
HF andGVB wave functions. The next sectionsummarizesequationsfrom Sections
2.2–2.6for thesewave functions.

2.7 Summary of Equations for GeneralHF/GVB Wave
Functions

The orbital optimizationequationsgiven in Sections2.2–2.6will be referredto of-
ten later in this thesis. Consequently, the equationsaresummarizedin this section.
Thegeneralwave functioncomposedof ��u doubly-occupiedcoreorbitals, ��t singly-
occupiedopen-shellorbitals,and �¶æ pairsof variably-occupiedGVB naturalorbitals
is givenby ) � f )�ë tB��M ) Õ æ�M ] )�ì P~ 5� � (2.101)

where )�ë t&�!M �í. s` A4=6 cd �cd 
m=n (2.102)) Õ æ�M ] � . r` A4=6 c  m (2.103)) ì P% 5� � . î` 5476 � ¥  5� c � 5� E ¥  Aå c � Aå � �
m«n - n«m � (2.104)

and ¥  5� and ¥  Aå areoptimizedeachiterationvia equation2.96.
Theelectronicenergy of this generalwave functionis givenby+Ê�@. rs
s3  A4=6 ��¹  Y  A E . r�s�s3 G� H&476 �
º  JH �  TH E/»  JH �  TH � { (2.105)

Here ��t&uOu � ��u E ��t E � �\æ�w (2.106)Y ,
�

, and � , arethestandardone-andtwo-electronoperatorsgivenby equations2.38,
2.42,and2.46.
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Onceagain,
¹  is givenby [3]¹  � � cd is doubly-occupied (2.107)¹  � � v � c  is singly-occupied (2.108)¹  � ¥ � c  is apair orbital with (2.109)

GVB CI coefficient ¥  {º� TH � ��¹  ¹ H�w (2.110)»  TH �Ê- ¹  ¹ H�w (2.111)

exceptthat
»  TH �Ê-¶� v � if cd and cXH arebothsingly-occupied.

Furthermore,if cd is a pair orbital º� 5 � ¹  (2.112)»  5 � Ì (2.113)

andif c  and c H arein thesamepair, º� JH � Ì (2.114)»  TH �k- ¥  ¥ H (2.115)

Becausethegeneralwave functionin equation2.101requires� � E � � æ � different
valuesof

¹  , thiswavefunctionis saidto have � � E � � æ � shells.Furthermore,because
thegeneralwavefunctionrequires� � E � t E � � æ � differentFockoperators,thegeneral
wave function is saidto have � � E � t E � � æ � Hamiltonians.Thesenumbersassume
that therearebothcoreandopen-shellorbitals. If thereareno open-shellorbitalsbut
therearecoreorbitals, the numberof shellsandHamiltoniansis � � E � �\æ � ; similar
changesaremadewhenthereareno coreorbitals.

To optimizetheorbitalsof this generalwave function,first theoptimalmixing of
theoccupiedorbitalswith theotheroccupiedorbitalsis calculated.Theoptimalmixing
is determinedby first calculatingthe

Æ
matrix,Æ � Ë Ì < ÍÏÎK ÍÏÎ- <jÍTÎK ÍTÎ Ì Ð (2.116)

where RÈ TH � � S~f � H - �  f U � w (2.117)V� JH � � S~f � H - �  f S � - � U�f � H - �  f U � E�É  TH?w (2.118)É  JH � � ��º� A E º�HOH - � º� TH � �  TH E � »  5 E/» HOH - � »  TH � � �  TH E �  TH � (2.119)

Thenew setof orbitals Ò'c . MOÓ�Ô areobtainedfrom theold setof orbitals Ò'cdÕ NA"�Ô via the
transformation � c . MOÓ � �,Ö~×�Ø � Æ � � c Õ NA" � (2.120)
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Thenext stepin thewavefunctionoptimizationis thecalculationof theoptimalmixing
of theoccupiedorbitalswith thevirtual orbitals.Thisoptimizationis doneby forming
theFockoperator �  ¢�¨ � ¹  Y ¢�¨ E .1¿ 9BÀ3© 4=6 ��º  © � ©¢�¨ EÁ»  © � ©¢�¨ � (2.121)

OneFock operatoris requiredfor all of the coreorbitals,andanotheris requiredfor
eachopen-shellandGVB pairorbital. TheFockoperatoris transformedinto molecular
orbitalsvia equation2.63,anddiagonalized.Theeigenvectorsyield theoptimallinear
combinationof occupiedandvirtual orbitalsto form thenew setof occupiedorbitals.
Theoptimizationprocessis repeateduntil theorbitalsstopchanging.

Much of the work in later sectionsof this thesisinvolvesextendingclosed-shell
HF methodsto thegeneralHF/GVB wave functiondescribedin Section2.6. Chapter
3 combinesthestandardorbital optimizationequations2.116–2.119with pseudospec-
tral operatorconstructionto producea methodwith the speedof the pseudospectral
methodandtheflexibility of thegeneralHF/GVB wave functions.Likewise,Chapter
5 combinesthesewave functionswith the rapid direct inversionin the iterative sub-
spaceconvergencemethod. This methodreplacesthe standardorbital optimization
equationswith a singleFock matrix diagonalization.Chapter5 describesa method
of incorporatingthegeneralHF/GVB wave functionsandthestandardorbitalmixings
in the Fock matrix diagonalization.Finally, Chapter6 usesthe pairwiseorbital mix-
ings from equations2.116–2.119to derive theorbital optimizationequationsfrom an
energy expressionmorecomplex thanthat in equation2.105. Although the resulting
orbital optimizationequationsaremorecomplex thanthosein Section2.7, the same
methodof obtainingtheimprovedorbitalsby forming andexponentiatingtherotation
matrix

Æ
is usedwith themorecomplex wave functionsthere.

The final two sectionsin this chapterdescribemorerigorousmethodsof correct-
ing theshortcomingsof HF theory, configurationinteractionandmulti-configurational
self-consistentfield theory. Thesemethodscanbemoreaccuratethanthegeneralwave
functionsdescribedin thissection,but at muchgreatercomputationalexpense.

2.8 Configuration Interaction

Anothermethodof correctingfor theshortcomingsof HF theoryis ConfigurationInter-
action[1] (CI). CI considerstheinteractionof excitedwave functionswith theground
statewave function. As with GVB wave functions,the excited wave functionsgive
additionalfunctionalfreedomfor thetotal CI wave functionto useto adjustto find an
optimalenergy. For awave functionconsistingof � spinorbitals) � f � � oqoqoOSdoqo�oU^oqoqo!� � (2.122)

with unoccupiedspinorbitals a ��w a}ï wq{q{�{ thewave function) � � f � � oqoqoBS§o�oqoB� D � (2.123)
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is a singly excited wave function obtainedfrom taking an electronout of occupied
orbital a  andputtingit into orbital a � . Similarly, thewave function) � ï TH � f � � o�oqo;� D�ð � (2.124)

is a doubly excited wave function obtainedby taking an electronout of eachof the
occupiedorbitals a  and a H andputtingtheminto unoccupiedorbitals a � and ayï . In a
similar fashiontriply, quadruply, andsoon,excitedwave functionsmaybeformed.

CI wave functionscanaddelectroncorrelationby includinga linearcombination
of excitedwave functionswith thegroundstatewave function[1])�ë«ñ � ) E t&uOu3  Û  5�&Q3 �óò � ) � E t!uOu3  TH Û  A�BQ3 � ï ò � ï JH ) � ï JH E o�oqo (2.125)

TheCI coefficientsC areobtainedby forming theCI matrix R ñ�ô , whoseelementsare
givenby R ñ%ô � � )�ñ f ( f )\ô � (2.126)

where
)�ñ

and
)\ô

are any of the groundstateor multiply excited wave functions.
Diagonalizing R ñ�ô yields the coefficients ò as the eigenvectors,and the correlated
energy as the lowesteigenvalue. The singly-excited wave functionsinteractweakly
with thegroundstate,andconsequentlythedoubly-exciteddeterminantsarethemost
importantfor thecorrelatedenergy [1].

TheCI wave functioncanalsobeusedto calculateexcitedstates[8]. When õ and�
rangeover the singly-exciteddeterminantstheeigenvectorsof R ñ�ô yield the linear

combinationof excitedwavefunctionsin thevariousexcitedstates,andtheeigenvalues
yield theenergiesof theexcitedstates.

Although the CI wave function doescorrectthe shortcomingsof HF theory, one
major drawbackis that the elementsin R ñ%ô requirea full transformationof the two-
electronintegrals �G¬««f ±�² � . This transformationscalesas �	�
��ö��� � where ���� is the
numberof basisfunctions. HF andGVB calculationsscaleonly as �	�
� ���� � , which
meansthata CI calculationis significantlymoreexpensivethanaHF or GVB calcula-
tion for largemolecules.For CI calculationsdiagonalizationof the R ñ�ô matrix is often
a muchmorecomputationallyintensive processthanthe ����� ö�� � integral transforma-
tion, dependingon what levels of excitationsareincluded,andso the work required
to transformtheintegralsis negligible. Nonetheless,becausetheCI calculationsscale
asat least ������ö�� � they aregenerallytoo expensive for largemolecules,andmethods
that do not requirea full integral transformation,suchasthe generalHF/GVB wave
functionsdescribedin Section2.7becomemoreattractive.

2.9 Multi-Configurational Self-ConsistentField Wave
Functions

Another method of correcting the shortcomingsof HF theory is the Multi-
ConfigurationalSelf-ConsistentField (MCSCF) method[1, 6]. Whereasa CI wave
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functionmerelydiagonalizestheHamiltonianmatrixbetweenvariousexcitedconfigu-
rations,theMCSCFsolve self-consistentlyfor theoptimalorbitalsamongtheexcited
configurations.Again, the additionalfunctionaldegreesof freedomaffordedby the
excitedwave functionsgive thetotal MCSCFwave functiontheability to moreaccu-
ratelyadjustto theconstraintsof themolecule,which allows MCSCFwave functions
to describecorrelatedwavefunctionsandexcitedstates.Eachiterationthecoefficients
of the variouscomponentwave functionsin the MCSCFwave function arerecalcu-
lated,andtheorbitalsareoptimizedusingthesecoefficients.TheGVB wavefunctions
describedin Section2.6 area specialcaseof MCSCFwave function [3]. The GVB
wave function doesnot requirean integral transformationto computeits energy and
optimizeits wave functions,but in general,the MCSCFenergy andorbital optimiza-
tion equationsdo requirea transformationof the two-electronintegrals. Like the CI
wave function, the integral transformationmakesMCSCF calculationsprohibitively
expensivefor largemolecules.

CI andMCSCFcalculationsaretheway thatcalculationson stateswith morethan
onesignificantelectronconfiguration,suchasthosein Chapter6 on porphyrinexcited
states,arenormally performed.In Chapter6 the sizeof the porphyrinmoleculepro-
hibitsafull transformationof thetwo-electronintegrals,andconsequentlythemethods
presentedtherearenecessary. Although CI andMCSCFwave functionsdo provide
morecomputationalrigor, oftengeneralHF/GVB wave functionsof theform of equa-
tion 2.101candescribethesameinteractionswith considerablylessexpense.

2.10 Conclusion

Theremainderof this thesisdescribesimprovedmethodsof ab initio electronicstruc-
ture theory. This chapteroutlinesthe foundationuponwhich the improved methods
arebuilt by describingin detail the methodsthat standardelectronicstructuretheory
usesto obtainconvergedwave functionsandelectronicenergies.In particular, Section
2.7summarizesthemostimportantequationsfor converginga generalHF/GVB wave
function. The methodsdescribedin the remainderof this thesisdevelop fastermeth-
odsof calculatingthe operatorsrequiredin Section2.7 (Chapters3 and4), develop
fasterconvergencemethodsthanequations2.116–2.119(Chapter5), andapply these
improvedmethodsto studyanimportantclassof largemolecules(Chapter6).
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Chapter 3

Pseudospectral- Generalized
ValenceBond (PS-GVB)Theory

3.1 Intr oduction

Chapter2 outlinedthebasicmethodsbehindab initio electronicstructuretheorycalcu-
lations,particularlyfor generalHF/GVB wave functions.This chapterdescribeshow
pseudospectralmethodsmayimprove theefficiency of forming theoperatorsrequired
for thosecalculations.Fasteroperatorconstructionallowselectronicstructurecalcula-
tionson largermolecules.Thework presentedin this chapterextendsthebasicpseu-
dospectralprogram—anumericalmethodof calculatingthe Coulombandexchange
operatorsfor HF wave functions—tothe generalHF/GVB wave functionsdescribed
in Section2.7. Theresultingprogram,pseudospectral-generalizedvalencebond(PS-
GVB), maintainsthe speedadvantagesof the pseudospectralmethodandintroduces
theflexibility of generalwave functions,differentbasissets,effective corepotentials,
andnew elements.

In thischapter, Section3.2discussesscalingconsiderationsbetweennumericaland
spectralmethodsfor electronicstructuretheorycalculations.Section3.3 introduces
thepseudospectralmethod,a hybrid methodthatusesa numericalintegrationscheme
for the two-electronoperatorsandbasisfunction methodsfor the one-electronoper-
ators. Section3.4 presentsa simplemethodof constructingCoulombandexchange
operatorsusing a numericalintegrationschemeratherthan the standardbasisfunc-
tion methods. Although the simplemethodpresentedin Section3.4 is not accurate
enoughfor thepurposesof electronicstructuretheorycalculations,it doesdemonstrate
why numericalintegrationschemescanbe fasterthanstandardbasisfunction meth-
ods.Section3.5describeshow usinga least-square’sfitting procedurecanimprovethe
numericalintegrationscheme.Section3.6describes(i) thegridsoverwhich thepseu-
dospectralmethodperformsthenumericalintegration;(ii) thedealiasingfunctionsthat
remove noisein thenumericalintegrationcausedby finite grids; and(iii) atomiccor-
rections,with which the pseudospectralintegration performspart of the integration
analytically—overbasisfunctions—andtherestnumerically, overgrid points.Section
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3.7 describeshow all of the elementsdescribedin Sections3.2–3.6arecombinedto
form theCoulombandexchangeoperatorsrequiredto calculatetheelectronicstructure
of a generalHF/GVB wave functionsuchastheonedescribedin Section2.7. Finally,
Section3.8describesapplicationsof thePS-GVBprogramto aseriesof moleculesthat
demonstratetheflexibility andaccuracy of themethod.

3.2 The Scalingof Hartr ee-Fock andGVB Calculations

The largestimpedimentto applyingHF or GVB theoryto largemolecules—thosere-
quiring morethan200 basisfunctions—arisesfrom the way thesecalculationsscale
with thesizeof themolecule.For a moleculewith Nbf basisfunctionstheamountof
time requiredfor a HF or GVB calculationscalesas ����� ���� � , meaningthat if ����� is
doubledthecalculationwill require

� �Ç�Ê��� timesasmuchCPUtimeto complete.The����� ������ scalingof HF or GVB calculationsis still a significantimprovementover the������ö��� � scalingrequiredfor afull transformationof thetwo-electronintegralsrequired
for CI andgeneralMCSCFcalculations,but even ����� ��� � becomesprohibitively ex-
pensive for largemolecules.

The mostcomputationallyintensive stepin a HF or GVB calculationis the for-
mationof theCoulombandexchangematrices.Recallingequations2.42–2.46,these
matricesfor Hamiltonian ª —where ª canrepresenteithera closedshell or an open
shellHamiltonian—areformedfrom thecorrespondingdensitymatrix ÷ © andthetwo-
electronintegrals �G¬« f ±�² � via [2]� ©¢�¨ � . £�¤3 ®�¯ ° ©®�¯ �G¬« f ±�² � (3.1)

and � ©¢�¨ � .7£�¤3 ®�¯ø° ©®�¯ �G¬ ±yf �² � { (3.2)

Becauseeachelementof theJor K operatorsrequiresasummationover � ��� elements,
and becausethereare ������ elementsin eachoperator, forming an entire

� ©
or � ©

matrix requiresan �	�
� ���� � process.Sucha processbecomestoo expensive for large
molecules.

3.3 The PseudospectralMethod

Thebasisfunctiontechniques,alsoknown asspectraltechniques,usedto computethe
one-electron,Coulomb,andexchangematricesvia equations2.38–2.46yield excel-
lentaccuracy, particularlyfor theone-electronterms,wherebasisfunctionsprovidean
accuratemethodof calculatingderivativesbecausethey arethemselvesanalyticallydif-
ferentiable.Unfortunately, astheprevioussectionshows, thescalingof basisfunction
techniqueswith thesizeof thebasissetis poor.
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Numericaltechniques,alsoknown asgrid-basedtechniquesor physicalspacetech-
niques,canbe muchfasterfor the typesof calculationsneededto form the Coulomb
andexchangematrices.Thesetechniquesevaluatetherequisiteintegralsoveragrid of
pointsin three-dimensionalspace.Althoughsucha methodof evaluatingintegralsis
fast,the integralsarenot asaccurateasthosefrom basisfunctiontechniques,particu-
larly theone-electronterms.

Thesolution[9, 10, 11, 12, 13, 14, 15, 16] is to useacombinationof basisfunction
andnumericaltechniques.Numericaltechniquesareusedto form the Coulomband
exchangematrices,which aresubsequentlytransformedbackto basisfunctionspace,
andaddedto the one-electronmatrix calculatedover basisfunctions. The result is a
reductionof theformal scalingof theelectronicstructurecalculationfrom ����� ���� � to����� � ����� � (where � � is thenumberof gridpointsusedin thenumericalpart),which
is roughly equalto �	�
�������� . This methodis calledpseudospectral[9] becauserather
thanonly usingspectral(basisfunction)methods,it usesa combinationof grid-based
andspectralmethods.The factorof Nbf saved in the scalingmakespseudospectral
techniquesmuchbettersuitedto largemolecules.

3.4 Naive Grid-based Calculation of Coulomb and Ex-
changeMatrices

Thederivationof thepseudospectralformulasfor theCoulombandexchangeoperators
beginsin this sectionwith a simplifiednumericalformulationof theseoperators.This
naive formulationis not accurateenoughfor electronicstructuretheory, but provides
a convenientbridgebetweenthe spectralformalismpresentedin Chapter2, and the
pseudospectralformalismpresentedin this chapter. Section3.5 shows that the final
forms of the pseudospectralCoulombandexchangeoperatorsis very similar to the
naivenumericalformspresentedin this section.

Rewriting theCoulomboperatorin equation2.42in themoreappropriateform�«©¢�¨ � � ¡=¢ f �«© f ¡1¨ � (3.3)� h ¡ i¢ � � � �«© � � � ¡ ¨ � � � g D 6 (3.4)

where � © � � � � 3 ®�¯ ° ©®�¯ h ¡ i® � � � ¡ ¯ � � �D 6 � g D � (3.5)

and D 6 � is the distancebetweenelectrons1 and 2. The Coulomboperatormay be
formednumericallyby first forming thematrix [9]R ®�¯ � D � � � h ¡ i® � � � ¡ ¯ � � �f D � - D �Xf g D � (3.6)

over a setof gridpointsat coordinatesD � � �Gù§��wBú���w&û�� � . Thenumericalanalogto the
spectral

� © � � � operatorin equation2.28is formedvia� © � D � � � 3 ®�¯³° ©®�¯ R ®�¯ � D � � { (3.7)
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Thecollocationmatrix [9]
L � D ��wBü � is definedasthebasisfunction ¡ ¯ evaluatedatgrid

point D � L � D ��wB² � � ¡ ¯ � D � � { (3.8)

Usingthecollocationmatrix,a naivedefinitionof theCoulomboperatoris [10]� ©¢�¨ � .7ý3 � L � D ��wB¬ � � © � D � � L � D ��w! � (3.9)

or � ©¢�¨ � .7ý3 � L � D ��wB¬ � Ë 3 ®�¯ ° ©®�¯ R ®�¯ � D � � Ð L � D ��w� � { (3.10)

Theintegrationoverthecoordinatesof electron2 (theformationof R ®�¯ � D � � in equation
3.6) is still doneusingbasisfunctions,whereastheintegrationover thecoordinatesof
electron1 (thefinal formationof

� ©¢�¨ in equation2.61)is donenumericallyusingthe
setof grid points.

By similar reasoning,thenumericalexchangeoperatormaybeformed.Writing the
exchangeoperatorin themoreappropriateform� ©¢�¨ � � ¡=¢ f � © f ¡7¨ � (3.11)� h ¡ i¢ � � � � © � � � ¡1¨�� � � g D 6 (3.12)

where � © � � � ¡ ¨ � � � � 3 ®�¯�° ©®�¯ � h ¡ i® � � � ¡ ¨ � � �D 6 � g D ��� ¡ ¨ � � � { (3.13)

Theexchangeoperatormaybeformednumericallyby againfirst forming thematrixR ® ¨I� D � � � h ¡ i® � � � ¡7¨I� � �f D � - D � f g D � { (3.14)

Thenumericalanalogto thespectralspaceproduct� © � � � ¡ ¨ � � � in equation2.30is [9]� © � D � � L � D � w� � � 3 ®�¯ ° ©®�¯ R ® ¨ � D � � L � D � wB² � (3.15)

anda naivedefinitionof thenumericalexchangeoperatoris thusgivenby [10]� ©¢�¨ � .7ý3 � L � D ��wB¬ � 3 ®�¯ ° ©®�¯ R ® ¨§� D � � L � D ��w&² � (3.16)

The naive numericalCoulombandexchangematricesin equations3.10and3.16are
unfortunatelynot accurateenoughto be useful in electronicstructuretheory. These
definitionsare importantbecausetheir conceptualsimplicity makes their derivation
from the standardCoulomband exchangematrices,equations2.61 and refeq:kkop,
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straightforward.Moreover, asthenext sectionshows, thefinal pseudospectralform of
theCoulombandexchangematricesis quitesimilar to thenaivenumericalformshere.

The simpleform of the numericaloperatorspresentedin this sectionalsomakes
scalingcomparisonseasy. Forming the spectralCoulomboperatorgiven in equation
2.61requiresthefollowing operationsin aFortranprogram[5]:

do k = 1, nham
do ij = 1, nbf*nbf

j(k,ij)=0.
do kl = 1, nbf*nbf

j(k,ij) = j(k,ij) + den(k,kl)*int(ij,kl)
enddo

enddo
enddo

wherethe matrix elementj(k,ij) in theprogramcorrespondsto theCoulombop-
eratorelement

� ©¢�¨ in equation2.61,den(k,kl) correspondsto densitymatrix ele-
ment

° ©®�¯
in equation2.48,andint(ij,kl) correspondsto the two-electroninte-

gral �G¬« f ±�² � in equation.It is evidentthatformingall of theCoulombmatrixelements
requires� Â'P%Ã � ���� operations,or �	�
� ���� � , assumingthat � Â'P%Ã is muchsmallerthan
andindependentof � ��� .

In contrastto the ����� ���� � scalingof thespectralCoulomboperator, thefirst stepin
formingthenaivenumericalCoulomboperatorin equation3.10is theformationof the° ©®�¯ R ®�¯ � D � � product,requiringoperationsof theform [16]

do k = 1, nham
do rg = 1, ngrid

j(k,rg) = 0.
do kl = 1, nbf*nbf

j(k,rg) = j(k,rg) + den(k,kl)*A(kl,rg)
enddo

enddo
enddo

whichrequiresatotalof ��Â'P%Ã��$�%�! A"������ operations.Thenext stepis thefinal summa-
tion, which requiresoperationsof theform [16]

do k = 1, nham
do i = 1, nbf

do j = 1, nbf
do rg = 1, ngrid

j(k,ij) = j(k,rg)*R(rg,i)*R(rg,j)
enddo

enddo
enddo

enddo

requiringanother��Â�P~ÃÇ�����! #"������� operations.Thus,thenaive numericalalgorithmis
fasterthanthespectralformulationbecauseit requires�	�
�$�%�& #"'������ � operationsinstead
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of �	�
� ���� � operations.In practice,although�$�%�& #" is largerthan ����� , it is smallerthan������ , andincreasesproportionallyto thesizeof themolecule,andthusproportionally
to � ��� .

Theactualprograms[16] thatform thespectralandnumericalCoulomboperators
useroutinestoconstructthematricesthataremoreefficientthanthosein equations3.10
and3.16,but the inherentscalingof eachroutineis dictatedby theform expressedin
thoseequations.

Thenext sectionsdetailmethodsof makingthenumericalCoulombandexchange
operatorformationaccurateenoughfor usein ab initio electronicstructurecalculations.

3.5 PseudospectralCoulomb and ExchangeOperators

Thenumericalintegrationin equations3.10and3.16isnotaccurateenoughto makethe
pseudospectralmethodusefulfor electronicstructuretheory. To make the integration
moreaccurate,theproduct�«© � D � � L � D ��w! � �äË 3J®�¯³° ©®�¯ R ®�¯ � D � � Ð L � D ��w� � (3.17)

is fit ontoa setof basisfunctionsvia a leastsquaresfitting procedure[10], andis then
multipliedby thecollocationmatrix

L � D ��w&¬ � . Thus,� © � D � � L � D � w! � � Ë 3J®�¯³° ©®�¯ R ®�¯ � D � � Ð L � D � w� � (3.18)� 3 ® ¥ ® L � D � w!± � (3.19)

In matrix form, �
÷ ©�þ �;ÿ � ÿ�� w (3.20)

wherethematrices÷ © , þ , and ÿ in equation3.20replacethe individual elementsin
equation3.19.

Multiplying bothsidesof equation3.20by thetransposeof thecollocationmatrix,ÿ µ , ÿ µ �
÷ ©�þ �;ÿ � ÿ µ ÿ�� w (3.21)

andsolvingfor � yields � � � ÿ µ ÿp� z 6 ÿ µ ��÷ © þ �;ÿ { (3.22)

In practice[10] this procedurecan be mademore accurateby using a quadrature
schemewhereeachgridpointhasadifferentweight, ��� . Usingsuchaschememodifies
equation3.22to � � � ÿ µ�� ÿp� z 6 ÿ µ � � ÷ © þ �;ÿ { (3.23)

Insertingequation3.23 into 3.19, andmultiplying by the othercollocationmatrix to
form theCoulombmatrix,yields[11]� © ��� � ÿ µ	� ÿ � z 6 ÿ µ � � ÷ © þ �;ÿ w (3.24)
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where� is theusualoverlapmatrixbetweenthebasisfunctions,producedby theprod-
uct of ÿ µ � ÿ . Thus,thefinal resultof theleast-squaresfitting procedureis to replace
equation3.10with�«©¢�¨ � .7ý3 � 
 � D ��w&¬ � Ë 3T®�¯�° ©®�¯ R ®�¯ � D � � Ð L � D ��w! � (3.25)

wherethematrix � is givenby [11]

� ��� � ÿ µ � ÿ	� z 6 ÿ µ � { (3.26)

Oneof the reasonssomuchemphasiswasplacedon thenaive equationsfor the two-
electronoperatorsin the Section3.4 is that, asequation3.25shows, they have very
similar form to thefinal equations,theonly differencebeingthat

L � D ��wB¬ � in equation
3.10is replacedby


 � D � w&¬ � in equation3.25.
In a similar fashion,fitting theproduct� © � D � � L � D � w� � � Ë 3 ®�¯ ° ©®�¯ R ®�¯ � D � � Ð L � D � wB² � (3.27)

ontoa setof basisfunctionsvia a leastsquaresfitting procedureandmultiplying the
resultby thecollocationmatrix

L � D ��wB¬ � hastheeffectof replacing(3.5.14)with [11]� ©¢�¨ � .1ý3 � 
 � D ��wB¬ � Ë 3 ®�¯ø° ©® ¨ R ®�¯ � D � � Ð L � D ��wB² � (3.28)

where � is onceagaingivenby equation3.26.
Theleastsquaresfitting procedurefor theCoulombmatrix in equation3.25andfor

theexchangematrix in equation3.28providesgreateraccuracy thando thenaive nu-
mericalCoulombandexchangeformulaein equations3.10and3.16.Theleastsquares
procedureis necessaryto achieve the high degreeof accuracy requiredby electronic
structuretheorycalculationswithout usingan impossiblylargenumberof grid points
in thenumericalintegrationprocedure.

3.6 Grids, Dealiasing Functions, and Atomic Corr ec-
tions

This sectiondescribesthreecomponentsof thepseudospectralmethod:quality grids,
dealiasingfunctions,andatomiccorrections.Thesecomponentssignificantlyincrease
theaccuracy of thenumericalintegrationschemein thepseudospectralmethod.

The pseudospectralmethodrequiresaccuratemoleculargrids over which to per-
form the numericalintegration [12, 13, 14]. Thesemoleculargrids areobtainedby
patchingtogetheratomicgrids.Theatomicgridsareasetof concentricsphericalgrids
of differentradii from thenucleus.Thesphericalgridsarebasedon theLebedev grids

34



[12, 17, 18] which integratethe sphericalharmonicsexactly andhave eitheroctahe-
dralor icosahedralsymmetry. Thesymmetryof thegridsis importantto insurethatthe
PS-GVBresultsareindependentof orientation,andthatsmallchangesin molecularge-
ometrydo not causelargechangesin thePS-GVBaccuracy. Thesegridsareplacedat
selectedradii to achieveahigherdensityof gridpointsnearthenucleusthanawayfrom
it. Theatomicgridsarepatchedtogetherby removing gridpointsbeyondtheVoronai
surface[11] betweenadjacentatoms;often additionalpointsbeyond the surfaceare
retainedwith diminishedgrid weightsto allow the grids to dissociatesmoothly[12].
Theatomicgridsarespecificto eachelement,andparametersmustbedeterminedfor
everynew elementthepseudospectralmethodcandescribe.

Dealiasing functions areanadditionalsetof � "%P~� basisfunctionsthatareaddedto
thebasissetto make the leastsquaresfit moreaccurate[10, 11]. Thesefunctionsare
necessarybecausetheactionof theCoulombor exchangeoperatoron abasisfunction�«© � D � � L � D � w! � � Ë 3J®�¯³° ©®�¯ R ®�¯ � D � � Ð L � D � w� � (3.29)

containsan alias—noisethat is outsideof the basisset due to finite grid size. By
leastsquaresfitting onto a setof ������ E ��"%Pq� � functionsthe aliascanbe discarded
sothat it doesnot contaminatethegenuinepartof the integrationproductin equation
3.29. Becausethe alias is generatedby finite grid size, the natureof the dealiasing
functionsis closely tied to the particularcharacteristicsof the grid. Consequently,
differentdealiasingsetsarechosenfor eachatomicgrid, andeachdealiasingsetmust
bemodifiedwhenever thegrid changes.

The dealiasingfunctionsdo not severely affect the overall scalingof the pseu-
dospectralcalculationbecausethey areusedonly for theleast-squaresfitting procedure
andthenarediscarded.The dealiasingfunctionsarediscardedby replacingoverlap
matrix S in the Q matrix definition in equation3.26with the overlapof the basisset
with thedealiasingset,which projectsout any characteron thedealiasingfunctions.

As Section3.5describes,for two-electronoperatorconstructionbasissetmethods
offer high accuracy at high computationalexpense,whereasnumericalmethodsoffer
lessercomputationalexpensewith slightly lesseraccuracy. It is possibleto evaluatea
few of thedominantintegralsusingbasisfunctions,andevaluatetheremainingpartof
the integrationusingthe numericalgrid. Integralsof the type �G¬« f ±�² � , with all four
basisfunctionson the sameatom,canbe includedat virtually no extra costbecause
thereare only �	�
� P�Q � (where � P�Q is the numberof atomsin the moleculeand is
muchlessthan � ��� ) suchterms,negligible comparedto the ����� � ������ � scalingof the
pseudospectralintegrationscheme.Theseintegralscanbe evaluatedmoreaccurately
usingbasisfunctions,whichleadsto greateroverallaccuracy in theintegrationscheme.

Thesecorrectionsarecalledatomic corrections [11]. Whenall integralsthathave
all four basisfunctionson thesameatomareincludedanalytically, theprogramis said
to useonecentercorrections(1C).Whenall integralsthathaveall four basisfunctions
ontwo atomsareincludedanalyticallytheprogramis saidto usetwo centercorrections
(2C) [12]. Fastermethodsof evaluatingtwo electronintegralsallow higherlevels of
atomiccorrectionsto be included. Atomic correctionsimprove the accuracy of the
programbecausehighly localizedintegrals,e.g.,thosewith all four basisfunctionson
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the sameatom, are the mostdifficult to integratenumerically. By integrating these
functionsanalytically, higheraccuracy maybe achieved. Moreover, fewer gridpoints
arerequiredfor the remainingintegrations,andhencethe programcanrun fasterto
achievethesamelevel of accuracy.

3.7 The Structure of the PS-GVBProgram

ThePseudospectral-GeneralizedValenceBond(PS-GVB)[15, 16] programusespseu-
dospectraloperatorconstructionto solve HF andGVB wave functionswhoseenergy
expressionis of the form in equation2.105. PS-GVBcombinesthespeedof PSwith
theflexibility of theGVB wave functionoptimizationasdescribedin Section2.7.

BecausePS-GVB is targetedtoward large molecules,disk storageand physical
memorymustbe carefully monitoredso that their sizedoesnot increaseunmanage-
ablyasthesizeof themoleculeis increased.Specifically, nomatriceslargerthanNbf2
maybestored,andonly two Nbf matricesmaybekept in memoryat any giventime.
Althoughtheseconstraintssomewhat limit the way the PS-GVBprogrammaybe ar-
ranged,they allow very largemoleculesto becomputed.

As a preprocessingstepthe leastsquaresfitting matrix Q andthe trial wave func-
tion arecomputed.In themainSCFprogramthesematricesareinput andtheiterative
sequencebegins. At thebeginningof eachiterationthedensitymatrix for eachof the
requiredHamiltoniansis computed.ThecorrespondingCoulombandexchangematri-
cesareformedfrom the densitymatrix via equations3.25and3.28. Thesematrices
arestoredon disk, andthenthenext Hamiltonian’s densitymatrix, Coulomb,andex-
changeoperatorsarecomputedandstored[16]. Thissequentialmethodis slower than
the methodthe GVB programssuchasGVB2P5use. In GVB2P5[5], a largebuffer
of memoryis allocatedfor the integrals. This buffer is filled with asmany ¬« pairs
of the ��¬« f ±�² � integralsasit canhold; theseintegralsarereadoff of disk storageand
held in physicalmemoryin the buffer space.The ±�² componentsaremultiplied by
the ±�² componentsof all of thedensitymatricesatonce,forming thefirst ¬« elements
of all of theCoulomb(or exchange)matrices.Pictorially, thetransformationis shown
in Figure3.1. Herethe last matrix (“Ints”) canhave any numberof columns,corre-
spondingto thebuffer spaceof physicalmemory. Formationof two-electronintegrals
in this fashionis particularlyfastbecausethe transformationshown in Figure3.1 can
be performedusingmatrix multiply routines,which arevery efficient on computers
with vectorprocessors.

Although sucha procedureis fast, it usestoo much memoryto be practicalfor
large molecules.The Coulombanddensitymatricesareeach �
��Â'P%Ã������� � long, and
thebuffer spacethatholdstheintegralsis �����
å��'�?������ � long. This yieldsa total mem-
ory sizeof ��?��Â'P%Ã E ���å��'� � ������ —anumberthatrapidlyapproaches��� ¹ � . Thegoal
of the PS-GVBprogramis to keepmemoryanddisk spacerequirementsto ��������� � ,
andhencememoryusein thePS-GVBprogramis limited to two ������ matrices.Conse-
quently, PS-GVBusesasequentialprocedureto computethetwo-electronoperator. In
thisprocedure,aseachshell’sdensitymatrix ÷ © is formedthecorrespondingCoulomb
andexchangematrices

� ©
and � © arecomputedandstoredon disk. Thenthe next
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Figure3.1: GVB2P5formationof multiple Coulomboperators.

densitymatrix is formed,andso on. Although this procedurecannottake advantage
of matrixmultiply routinesto form all of theCoulombandexchangematricesatonce,
with the useof out-of-coremath routinesmemoryuseis kept to

� � ���� . Becauseof
suchcareto keepmemoryusedown, PS-GVBis capableof calculatingtheelectronic
structureof moleculeswith many morebasisfunctionsthantheGVB2P5limit of 180
without thememoryincreasingunmanageably.

Oncethe Coulombandexchangematricesfor all of the shellshave beenformed
andstoredon disk, theorbital optimizationprocedurebegins.First theoptimalmixing
of the occupiedorbitals is computed,following the procedureoutlined in equations
2.116–2.119.ThenFock operatorsfor thecore,openshell,andGVB pairsareformed
anddiagonalized,via the procedureoutlinedin equation2.121. The procedureis es-
sentially the sameas that in GVB2P5,except,aswith orbital construction,memory
useis kept to

� ����� . In forming the necessarymatricesfor orbital optimization,only
one ��� ��� � matrix ( �xw � u w�� u wq{�{q{ � is input at a giventime, andfrom this matrix all of
theorbitaloptimizationtermsthatdependuponit arecomputedbeforethenext matrix
is input. This keepsdisk accessto a minimum,which significantlyspeedsup thePS-
GVB programbecauseevery time a disk is accessedtherestof theprogrammustwait
for theaccessto completebeforeit cancontinue.

PS-GVBcombinestheflexibility of generalwave functionshaving arbitrarynum-
bersof core,openshell,andGVB orbitalswith the speedof pseudospectraloperator
construction.Theresultis aprogramcapableof muchlargermoleculesthanhadprevi-
ouslybeencalculated.TheGVB2P5programhada limit of 180basisfunctions.This
limit is causedprimarily by an indexing procedureGVB2P5usesto storethe sorted
two-electronintegrals,but even without that limit it would be extremelydifficult to
computemoleculesmuch larger than that becauseof the high memoryuseand the
slow two-electronoperatorconstruction.The limit of 180basisfunctionsmeansthat
GVB2P5is limited to moleculeswith roughly7 heavy atomsandthe associatedH’s,
andevenmoleculesof thatsizerunextremelyslowly. In contrast,PS-GVBis routinely
capableof calculatingmoleculeswith 500 basisfunctions(20-30heavy atoms),and
hason occasionrun moleculeswith asmany as1500basisfunctions.
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Figure3.2: Ground( �qV¶6 ) andfirst excited( 6 R�6 ) statesof methylene.

3.8 PS-GVBApplications

Thissectiondescribesresultsfor threetestsystemsthatdemonstratetheaccuracy with
whichPS-GVBreproducestheresultsof aprogram(GVB2P5)thatusesstandardmeth-
odsto computethemolecularintegrals[15]. Thesystemsdescribedherearemethylene
(CH� ), silylene(SiH� ), andethylene(C� H � ). While thesearenot largemoleculesby
any definition, this work confirmsmany importantaspectsof the PS-GVB program
necessarybeforeapplicationto largersystems.Thisresearchdemonstratesfour crucial
aspectsof PS-GVB:(i) thatPS-GVBis capableof usinggeneralGVB wave functions
of the type describedin Section2.7; (ii) that PS-GVBis capableof working on ele-
mentsthat arenot in the first row of the periodictable; (iii) that PS-GVBis capable
of working with effectivecorepotentialto replacethecoreelectrons;and(iv) thatPS-
GVB is capableof reproducingbondenergiesandotherphysicalquantitiesto a high
degreeof accuracy.

In contrastto earlierwork with the pseudospectralalgorithm[12], eachexample
given herecomputesphysicalquantities—energy differences,excitation energies,or
dissociationenergies—ratherthanmerelythe total energies. For methyleneandsily-
lenethequantitiesconsideredherearethedifferencesin energybetweenthesingletand
thetriplet states.In addition,aneffectivecorepotentialis testedfor Si to demonstrate
thatPS-GVBis compatiblewith corepotentials.For ethylenethequantitiescomputed
arethe � –� i excitationenergy, therotationalbarrierabouttheC-C bond,andtheen-
ergy requiredto doubletheC-Cbondlength.

3.8.1 Methylene

Thefirst systemstudiedin this sectionis methylene,CH� . Thegroundstateof methy-
leneis a triplet statewith �qV 6 symmetryand ± and � nonbondingorbitals,andthefirst
excitedstateis a singletwith 6 R 6 symmetrywith the two nonbondingelectronsspin
paired[19], asshown in Figure3.2.

Becauseof the differencein the nonbondingorbitals the geometriesof the two
statesarequitedifferent.UsingtheGVB-CI configurationinteractionprogram,Hard-
ing andGoddard[19] determined

L�ë �
= 1.084Å,

e � ë �
= 133.2� for thetriplet state,

and
LÇë �

= 1.113Å,
e � ë �

= 101.8� for thesingletstate.Thesamecalculationsde-
terminedthatthetriplet-singletgapis 9.09kcal/mol.

In studyingmethylene,the goalsare to test (i) the accuracy of PS-GVB with a
varietyof highqualitybasissets,and(ii) theaccuracy of PS-GVBwith wavefunctions
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moreaccuratethansimpleHF, i.e., thosewith GVB pairscorrelatingthebonds.
Tables3.1 and3.2 show theresultsof calculationson methylenewith a varietyof

basissetsandwave functions.Threedifferentbasissetsareused[20, 21]:

VDZ usestheDunning-Huzinagavalencedouble-zetabasisset(basedon(9s/5p))with
onesetof d polarizationfunctions(a = 0.64)on C, andthe Dunning-Huzinaga
basis(basedon four s functionscontractedto two, with theexponentsscaledby
z=1.2)andonesetof p functions(a = 1.0)on H.

VDZ2 replacesthe 4s H scaledbasiswith a 6s H unscaledbasis,contractedto 3s
triple zeta.Thed andp polarizationfunctionsin this basisarereplacedby pair
of functionsscaledby thefactors � � { � � 6B� � and � � { � � z 6&� � from theabovevalues.

VDZ+ addsto thesecondbasisadiffusesetof sandp functions(as= 0.45,ap= 0.34)
on theC atom,optimizedfor thenegative ion of C.

In describingthebasissets,thesymbol � denotesaneffectiveSlaterexponent,whereasm denotesaGaussianexponent.Thus,for H, � = 1.2impliesthatthestandardexponents
for theGaussianexpansionhaveall exponentsscaledby 1.44.

For the triplet state,the two C-H bondsarecorrelatedwith GVB pairs,leadingto
two pairsoverall,andfor thesingletstatethetwo C-H bondsandthedoubly-occupied
lone pair arecorrelatedwith GVB pairs, leadingto threepairsoverall. Thesewave
functionshave the sametotal numberof orbitals,yielding to a consistentlevel of de-
scriptionfor thetwo states.

Table3.1 comparestotal energiesfor the variouscalculationson methylene.The
GVB2P5resultsareexpressedin hartrees,andthe PS-GVBresultsareexpressedas
thedifferencein kcal/molfrom theGVB2P5results.Resultsfor PS-GVBprogramare
reportedusingbothonecenteratomiccorrections(PS-GVB1C)andtwo centeratomic
corrections(PS-GVB2C).

For the singlet state,using one-centercorrections,the errorsin the total energy
rangefrom 0.015to 0.032kcal/mol; when two-centercorrectionsareemployed this
errordropsto a maximumof 0.005kcal/mol. In thetriplet statetheerrorsarea factor
of 3 to 5 larger, rangingfrom 0.054to 0.117kcal/mol for onecentercorrections,and
up to 0.013kcal/molfor two centercorrections.

Table3.2 shows the singlet-tripletgapobtainedfor both HF andGVB-PPwave
functions. In bothcasesthe error is smallerthan0.09kcal/molusingonecentercor-
rections,andsmallerthan0.02kcal/molfor two centercorrections.

An importantfeaturedemonstratedby Tables3.1 and3.2 is that theerrorsdo not
increaseasthesizeor complexity of thebasissetincreases.This shows thatPS-GVB
doesnot have any intrinsic problemsin manipulatingthe diffusefunctionspresentin
larger basissets. Thesetwo tablesshow that the errorsin the PS-GVB integration
schemecomparedto standardmethodsarenegligible comparedto the magnitudeof
the quantitiesinvolved; in a 10 kcal/mol quantityan error of 0.02kcal/mol is hardly
significant. Moreover, even the bestab initio electronicstructurecalculationsoften
differ from experimentalresultsby asmuchas1 kcal/mol,andsothePS-GVBerroris
negligible comparedto themagnitudeof errorsin all electronicstructurecalculations.
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Table3.1: Total energy for CH� usingGVB-PPwave functions. A GVB (3/6) wave
functionsis usedfor the 6 R�6 state,anda GVB (2/4) wave functionsusedfor the � V\6
state. GVB2P5resultsarepresentin hartrees,andthe PS-GVBerror is presentedin
kcal/mol. PS-GVBresultsaregiven usingboth onecenter(1C) andtwo center(2C)
atomiccorrections.

BasisSets
Method State VDZ VDZ2 VDZ+

Total Energy (h)
GVB2P5 6 R 6 -38.938766 -38.942557 -38.943274
GVB2P5 �qV 6 -38.953285 -38.955554 -38.955771

PS-GVBError (kcal/mol)
PS-GVB1C 6 R 6 0.015 0.032 0.024
PS-GVB2C 6 R\6 -0.005 0.005 0.004
PS-GVB1C �qV¶6 -0.054 0.117 0.112
PS-GVB2C �qV¶6 0.001 0.013 0.013

Table3.2: Thesinglet-tripletgap(
Æ +���� ) for CH� , in kcal/mol. Experimentalresults

are9.09kcal/mol.All otherdetailsaresimilar to Table3.1.

BasisSets
Method Wave Function VDZ VDZ2 VDZ+
GVB2P5 HF 26.11 25.48 25.13

PS-GVB1C HF 26.18 25.41 25.06
PS-GVB2C HF 26.11 25.48 25.12

GVB2P5 GVB-PP 9.11 8.16 7.84
PS-GVB1C GVB-PP 9.18 8.07 7.75
PS-GVB2C GVB-PP 9.11 8.15 7.83
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3.8.2 Silylene

Thenext moleculestudiedis silylene,SiH� , which is theSilicon analogof methylene.
Table3.3reportsresultsfor silylenecalculations.For silylenethetwo low-lying states
areof thesameform asthosein Figure3.2;however, thesingletstateis thegroundstate
of silylene,wherethe triplet statewasthe groundstateof methylene.The PS-GVB
studieson silylenetestedtwo importantfeatures,(i) theability of PS-GVBto describe
asecond-row element,and(ii) theability of PS-GVBto useaneffectivecorepotential
(ECP).Two setsof calculationswerecarriedout,onewith all coreelectronsdescribed
with basisfunctions,andtheotherusingtheshapeandHamiltonianconsistent(SHC)
effectivecorepotentialto replacethem.

For the 6 R\6 statea geometrywith
L �  � = 1.508Å,

e � �  � = 92.4� wasused,and
for the ��V 6 statea geometrywith

L �  � = 1.471Å,
e � �  � = 118.2� wasused;these

geometrywerebasedongeometryoptimizationsusingMP2andunrestrictedMP2with
a 6-31G** basisset. With no ECPpresent,a Huzinagavalencedouble-zetabasisset
(11s8p/4s3p)wasusedfor Si, anda Huzinagaunscaleddouble-zetabasisset(4s/2s)
wasusedfor hydrogen.A setof d polarizationfunctions(a = 0.42)wasusedwith the
Si basis,anda setof p polarizationfunctions(a = 0.6)wasusedwith theH basis.The
SHCECP[22, 23] wasusedto eliminatetheSi coreelectrons.ThecorrespondingVDZ
basisset(3s3p/2s2p)wasaugmentedwith thesamed polarizationfunctionsasbefore,
andthesamebasissetwasusedfor H.

Table3.3 comparestotal energy calculationsandsinglet-tripletgaps(
Æ +���� ) be-

tweenGVB2P5andPS-GVBfor silylene.Theerrorsareof thesameorderof magni-
tudeasthosefor methylene.The maximumerror is 0.079kcal/mol whenonecenter
correctionsareincluded,and0.014kcal/molwhentwo centercorrectionsareused.As
Table3.3 shows, the magnitudeof the errorsis consistentwhetherHF or GVB wave
functionsareused.

The presenceof an ECPintroducesno new error into the PS-GVBmethod. The
errorsremainof thesamemagnitudeasthosefrom calculationswhereall coreelectrons
areincluded.

3.8.3 Ethylene

Thefinal systemconsideredhereis ethylene.With thissystemthefocusis shiftedaway
from electroniccriteria—basissets,wave functions,and effective core potentials—
andcenterson theeffect of largergeometricchangeson theaccuracy of thePS-GVB
program.Fourgeometriesareusedhere:

Experimental thegroundstategeometrywith a torsionalangle c = 0� , L�ë«ë = 1.338
Å,
LÇë �

= 1.085Å, and
e � ë �

= 117.8� .
Twisted the experimentalgeometrywith c set to 90� and all other quantitiesun-

changed.

Stretched the experimentalgeometrywith
L�ë«ë

= 2.676 Åand all other quantities
unchanged.
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Table3.3: Energy comparisonfor SiH� . Experimentalgeometry(seetext) with VDZ
basisset. The GVB2P5resultsreport total energiesin hartrees,the PS-GVBresults
reporterror in kcal/mol. A GVB (2/4) wave functionis usedfor the ��V 6 state,a GVB
(3/6)wavefunctionis usedfor the 6 R 6 state.Bothonecenter(1C)andtwo center(2C)
atomiccorrectionsarereported.

GVB2P5 PS-GVB1C PS-GVB2C
TotalEnergy Error Error

Calculation State (hartrees) (kcal/mol) (kcal/mol)
All-Electron

HF �qV 6 -289.920507 0.065 0.007
HF 6 R\6 -289.929006 0.08 0.025Æ +���� 0.008499 -0.015 -0.019

GVB � V¶6 -289.940694 -0.062 0.008
GVB 6 R\6 -289.972813 0.075 0.025Æ +���� -0.032119 -0.013 -0.017

CorePotential
HF �qV¶6 -289.994255 0.002 0.01
HF 6 R 6 -290.003034 0.063 0.024Æ + ��� 0.008779 -0.061 -0.014

GVB � V 6 -290.014773 0.001 0.004
GVB 6 R 6 -290.04802 0.063 0.024Æ + ��� 0.033247 -0.061 -0.02
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Stretched/twisted theexperimentalgeometrywith c = 90� , LÇë=ë = 2.676Å, andall
otherquantitiesfixed.

For calculationson ethylene,the VDZ basisfrom methyleneis usedagain. In
thesecalculationsthe ± and � C-C bondsarecorrelated.Table3.4 summarizesthe
calculationsperformedon ethylene. The first two columnstabulate the resultsfrom
GVB2P5(in hartrees)usingstandardmethodsto computethemolecularintegrals,for
bothHF andGVB wavefunctions.Thenext fourcolumnsdetailtheerrors(in kcal/mol)
in the correspondingPS-GVB calculations. Columnsthreeand four include results
with 1C corrections,andcolumnsfiveandsix includeresultswith 2C corrections.

With 1Ccorrections,all of thetotalenergy calculationsandrelativeenergy quanti-
ties(singlet-tripletgaps,dissociationenergies,rotationalbarriers)agreeto within 0.25
kcal/mol.With 2Ccorrectionsthetotalenergy calculationsandrelativeenergy quanti-
tiesagreeto within 0.05kcal/mol.

Thecalculationsreportedin this sectionwereperformedusingtheoriginal version
of the PS-GVBprogram. Sincethesecalculationswerecompletedmany morerevi-
sionsof theprogramhave beenreleased,with improvedaccuracy, atomiccorrections,
speed,memoryuseandflexibility . But what thesecalculationsshow is still of crucial
importancefor the PS-GVBprogram:that it is possible,with the appropriatechoice
of grids,dealiasingfunctions,andatomiccorrections,to createanumericalintegration
schemethatintroducesonly negligible errorsto theformationof operatorsusedin HF
andGVB calculations.Moreover, holding all of theseparametersfixed, this integra-
tion schemecanbeappliedto a wide rangeof basissets,geometries,wave functions,
andspinstates,andareliabledegreeof accuracy canbemaintainedthroughout.These
calculationsdemonstratedfor thefirst time thatthesignificantspeedadvantagesof the
PS-GVBprogrammay be usedfor quantumchemicalresearchwithout the needfor
constantworry abouttheaccuracy of thealgorithm,of whetherthebasicschemestill
appliesto the currentsystem.Thesecalculationsshowed that the numericalintegra-
tion schemeusedin PS-GVBis robustenoughfor practicalapplicationsin electronic
structuretheory.

3.9 Conclusion

The PS-GVB programpresentedin this sectionhassignificantadvantagesover the
GVB2P5program.By usingthe pseudospectralmethodto computethe two-electron
operators,not only can PS-GVBrun small moleculesfasterthan GVB2P5,but PS-
GVB canalso run moleculesmuch larger than the limits set in GVB2P5. Whereas
GVB2P5cannotcomputetheamoleculewith morethan180basisfunctions,PS-GVB
cancalculatemoleculeswith up to 500 basisfunctionswith roughly the sameCPU,
disk,andmemoryresources.

ThePS-GVBprogramalsopresentssubstantialadvantagesoverearlierimplemen-
tationsof the pseudospectralmethod. In particular, PS-GVBcancomputemolecules
whosewave functionshavearbitrarynumbersof doubly-occupiedcoreorbitals,singly
occupiedopen-shellorbitals,andvariablyoccupiedGVB naturalorbitals.This added
flexibility comeswithout substantiallyincreasingthe disk storage,memory, or CPU
timerequirementsof theprogram.
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Table3.4: Summaryof energy differencesfor C� H � . Seetext for geometries.Cal-
culationsuseVDZ basis.GVB2P5energiesaregivenin hartrees,PS-GVBerrorsare
reportedin kcal/mol. PS-GVBresultsarereportedwith bothonecenter(1C) andtwo
center(2C)corrections.A GVB (3/6)wavefunctionis usedfor 6 R 6 state,aGVB (2/4)
wavefunctionis usedfor �qR � state.Thebarriersreportedfor thetwistedgeometryareÆ +����@+ �c ��� Ì � � -�+ �
c � Ì � � . Thebondenergies

Æ + K reportedfor thestretched
geometriesaretheenergy requiredto doublethebondlength.

GVB2P5 PS-GVB1C PS-GVB2C
Total Energy (h) Error (kcal/mol) Error (kcal/mol)

State HF GVB HF GVB HF GVB
ExperimentalGeometry��R � -77.931907 -77.942874 -0.137 -0.119 -0.036 -0.0386 R 6 -78.060723 -78.09924 -0.243 -0.209 -0.045 -0.045Æ + ��� 0.128816 0.156366 0.106 0.089 0.008 0.007

TwistedGeometry��R � -77.973417 -77.984305 -0.183 -0.022 0.003 0.0046 R�6 -77.888273 -77.981006 0.016 -0.025 0.007 0.004Æ +���� -0.085144 -0.003299 -0.199 0.003 -0.004 0Æ + � �
�qR � � -0.04151 -0.041431 0.046 -0.097 -0.039 -0.042Æ + � � 6 R\6 � -0.17245 0.118234 -0.259 -0.184 -0.053 -0.049

StretchedGeometry��R � -77.772934 -77.884587 -0.199 -0.196 -0.013 -0.0136 R 6 -77.726946 -77.847384 -0.128 -0.209 -0.038 -0.016Æ + ��� -0.045988 0.002797 -0.07 0.013 -0.009 0.003Æ + K �
�qR � ) 0.158973 0.098287 0.062 0.077 0.023 0.025Æ + K � 6 R 6 � 0.333777 0.251856 0.115 0 0.007 0.029

Stretched/TwistedGeometry��R � -77.773688 -77.845388 -0.128 -0.104 0.003 -0.0136 R�6 -77.727351 -77.845284 -0.139 -0.104 0.012 0.013Æ +���� -0.046337 -0.000104 0.011 0 -0.006 0
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This chapterconcludeswith applicationsthat demonstratetheseadvantagesthat
PS-GVBintroduces.Namely, moleculesarerun with GVB andopen-shellwave func-
tions,with largerandmoreaccuratebasissets,with Si atoms,with Si atomsusingef-
fectivecorepotentials.In thesecasesawidevarietyof physicalpropertiesarereported,
rangingfrom bonddissociationenergiesto singlet-tripletgaps.Over theseexamples,
PS-GVBdisplaysa remarkablyconstantaccuracy, generallygiving resultswithin 0.1
kcal/mol of the experimentalnumbers.Theseapplicationsdemonstratethat the sig-
nificant time advantagesof thepseudospectralmethodfor integral evaluationmaybe
extendedto a robustprogramthatcanbeusedto studyrealchemicalproblems.
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Chapter 4

PseudospectralParametersfor
Calculationson Nickel Clusters

4.1 Intr oduction

Theresearchpresentedin thischapterpresentsparametersfor PS-GVBcalculationson
moleculescontainingNickel atoms. By properchoiceof theseparameters,PS-GVB
calculationsrun on Ni clusterscanachieve thesameaccuracy asthoseon maingroup
elements.A generalprocedurewasusedto optimizetheparametersover a varietyof
geometries,sothatwhenthesameparameterswereusedon a differentNi clusterwith
adifferentwavefunction,thehighdegreeof accuracy wasmaintained.Theprocedures
andgenerallessonsobtainedfrom theNi parameteroptimizationshouldbeapplicable
for deriving PS-GVBparametersetsfor othertransitionmetalsystems.

Chapter3 describesthe procedureby which the PS-GVBprogram[9, 10, 11, 12,
14, 13, 15, 16] constructstheoperatorsrequiredfor ab initio electronicstructuretheory
calculations.In additionto thebasissetsrequiredfor standardab initio calculations,
PS-GVBrequiresgridsanddealiasingsetsfor eachatomtypein themolecules.

The grids [12, 14, 13] for eachatom type are composedof concentricshellsof
sphericalgrids. Eachsphericalshell is a Lebedev grid [17, 18] of a particularangular
momentum.TheLebedev gridsintegratetheangularsphericalharmonicsexactly over
theshell. For eachatomtypeparametersmustbedeterminedfor theradii at which to
placethesphericalshells,andfor theangularmomentum(which determinesthenum-
berof gridpointson thesphericalgrid) of eachshell.Usingtheproceduredescribedin
Section3.6,theseatomicgridsarepatchedtogetherto form themoleculargrid.

The dealiasingfunctions[10, 11] help remove the noisegeneratedby inaccurate
integrationoverfinite grids,and,consequently, they arecloselyrelatedto theparticular
natureof the grids. Becausethe grid is finite and thereforeimperfect,the actionof
the Coulombor exchangeoperatoron a basisfunction containsan alias—character
outsideof the basisset. By employing a set of additionalbasisfunctionsthe alias
canbeexpressedin theleastsquaresfitting procedureanddiscarded.Thus,dealiasing
functionsarechosenthathelpcompletetheparticularbasisset.
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PS-GVBhasshown excellentresults[15] for moleculescomposedof maingroup
elements.Althoughmaingroupelementsarethemostimportantelementsfor organic
chemistryandbiochemistry, agreatdealof importantchemistryoccurswith metalsand
non-metalsnot in the main group. This chapterdescribesproceduresfor optimizing
grids and dealiasingsetsfor one element—Nickel. Nickel was chosenbecausethe
bondingandthegeometriesit displaysarestrikingly differentfrom thosedisplayedby
maingroupelements.At theoutsetof thisresearchit wasnotclearthatthe 0.1kcal/mol
accuracy thatPS-GVBachievesfor maingroupelementscouldbeextendedto metals.
This researchshows thatwith judiciouschoicesof gridsanddealiasingfunctionsthe
sameaccuracy obtainedwith maingroupelementscanbeobtainedfor metals.

It shouldbe notedthat the procedurefor grid anddealiasingsetgenerationpre-
sentedhereis slightly simplified for the sake of brevity andconciseness.The most
importantconceptsandfeaturesarereported.

In this chapter, Section4.2 describessomeof thebasicfeaturesof metalbonding
thatmake thepseudospectraldescriptionof thebondingbetweentheseelementsmore
difficult thanfor maingroupelements.Section4.3 describesthenatureof theparam-
etersthat form the pseudospectralatomicgrids; in particular, it describesthe Carbon
atomicgrid parameters,which arethemostoptimizedof themaingroupelementgrid
parameters,and the parametersfrom which considerationof Nickel atomicgrid pa-
rametersbegan. Section4.4 describesthenatureof theparametersthatdeterminethe
setof dealiasingfunctions.As with theatomicgrid parameters,theCarbondealiasing
functionparametersarethemostoptimizedandtheonesfrom which considerationof
Nickel dealiasingsetparametersbegan. Section4.5 describesthe optimizationpro-
cedurethroughwhich the correctsetof parametersfor Nickel wasdetermined.This
sectionalsopresentsthefinal valuesof theNickel atomicgrid anddealiasingfunction
parameters,anddraws someconclusionsfor deriving parametersfor otherelements
from thenatureof theseparameters.Finally, Section4.6demonstratesthattheparame-
tersdevelopedin Section4.5aregeneralby applyingthemto adifferentNickel cluster
at a seriesof differentgeometries,andby usinga correlatedwave function. Theopti-
mizedNickel atomicgridsanddealiasingfunctionsshow excellentagreementwith the
resultsfrom GVB2P5.

4.2 Nickel Cluster and Metal Bonding

Main groupelementsdisplaychemicalbondingbehavior that is very regular. Orbitals
aregenerallycenteredaboutthe nucleus,andarecomposedof s andp hybrids. First
row transitionmetalsdisplaystrikingly differentbehaviour [24, 25]. The3dorbitalsare
muchsmallerthanthe4sorbitalsin thevalenceshell.Consequently, theelectronsin 3d
orbitalsstaylargely localizedon theatomsanddonotparticipatein chemicalbonding.
The 4s electronsare for the mostpart responsiblefor the chemicalbonding,but, in
contrastto maingroupchemistry, the4selectronsdo not stayat theatomcenters,but
localizebetweenatomsin metals.In linearchainsof metalatomselectronslocalizeat
bondmidpoints.In two-dimensionalsheetsof atomselectronslocalizeat thecenterof
trianglesbetweenthreeatoms,andin three-dimensionalcrystalselectronslocalizeat
thecentersof octahedraandtetrahedrabetweenthreeor moreatoms[24].
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Becausemetalmolecularorbitalsdisplaysucha differentnaturefrom maingroup
molecularorbitals,it is notobviousthatthesameoptimizationtechniquesmaybeused
to deriveparametersfor thegridsanddealiasingfunctionsusedby PS-GVBin thenu-
mericalintegrationprocedure.Clearlynew parametersneedto bedeterminedto reflect
thedifferentbondangles,bonddistances,basissets,andbondcharacterof Ni clusters.
Theissuewith metalsis whetherthealgorithmfor choosingandoptimizingparameters
alsoneedsto bechanged.Theresearchpresentedin this chapterdemonstratesthates-
sentiallythesamealgorithmsthatwereusedto derivemaingroupgridsanddealiasing
setsmaybeusedto derivegridsanddealiasingsetsfor Ni clusters.It is alsopresumed
that thesesametechniquesmay be usedto derive grids anddealiasingsetsfor other
transitionmetals.

Theresearchdescribedin this chapterusessmallNi � clustersof atomsin different
geometriesto derive a setof grid anddealiasingsetparametersthatyield thehigh ac-
curacy requiredfor ab initio calculations.It is relatively easyto find asetof parameters
thatwork for onegeometry, but the constraintthat the samesetof parametersworks
for a wide variety of bondanglesandradii wassoughtin the hopethat the resulting
parameterswouldwork for arbitrarygeometries.

Oncesucha setof grid anddealiasingsetparametersis found that works for the
variousNi � geometries,this set is appliedto a systemwith a differentgeometryand
wave function,anda calculationis madeon a realphysicalpropertyof thatmolecule
to determinethe accuracy of the parameterset. The ideais to testthe parametersby
running themon a moleculedifferent from the onesfor which the parameterswere
optimized. This presentsa stiff testof the accuracy of the parameters.The final test
systemfor the Ni parametersis the distortionsof a Ni � clustercorrelatedwith two
GVB pairs,from theground,rhombohedralgeometryto a squaregeometry. Thefact
that the sameaccuracy wasachieved on this systemaswasachieved for main group
elementsshowsthattheNi parametershavebroadapplicability. This in turnshowsthat
it is possibleto optimizea setof grids anddealiasingfunctionswith which PS-GVB
calculatemetal clusterswith the sameaccuracy with which the programcalculated
moleculescontainingonly maingroupelements.

4.3 Grid Parameters

Severalparametersdeterminethestructureof theatomicgridsin thePS-GVBprogram.
Theradial spaceis divided into several regions. To eachregion is assigneda number
of sphericalshells,andanangularmomentumfor eachshell. Theangularmomentum
determinesthe numberof points. Table 4.1 summarizesthe numberof grid points
associatedwith eachangularmomentumlevel [17, 18].

PS-GVB usesa multi-grid algorithm [15] for the numericalintegration. In this
algorithm,gridsof differentdensities—coarse,medium,andfine—areconstructedfor
eachmolecule.Themediumgrid is usedfor themajorityof theiterations.Thehighest
qualitygrid is usedfor only oneiteration,oncethewavefunctionhasreachedacertain
level of convergence. After this iteration the mediumgrid is againusedwith Fock
matrix updatingprocedures.The updatingproceduresintegratethe differencein the
orbitalsoverthegrid, ratherthantheorbitals.Thedifferencein theorbitalsis smoother
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Table4.1: Thenumberof points( � æ%Q ï ) associatedwith thePS-GVBgrid of a number
( � ). Thepointsarearrangedon a sphericalshell.Seetext for otherdetails.� �\æ~Q ï � �¶æ~Q ï � �¶æ%Q ï1 6 11 32 21 78

2 8 12 38 22 78
3 12 13 42 23 86
4 12 14 42 24 90
5 14 15 44 25 110
6 18 16 44 26 116
7 20 17 50 27 148
8 24 18 54 28 194
9 26 19 56 29 302
10 30 20 60

andeasierto integrate,so no lossof accuracy is obtainedeven thougha lessdense
grid is used. The advantageto the multi-grid schemeis that even thoughthe overall
accuracy of theconvergedwave functionis determinedby thequality of thefine grid,
thisgrid is only usedfor oneiteration,andconsequentlytheexpenseof thecalculation
is determinedby thelessdensemediumgrid.

In determiningoptimizedgridsfor PS-GVB,ahighqualitygrid thatachievesgood
resultsis first obtained. Sphericalshellsare removed or madelessdenseto obtain
mediumandcoarsegrids. In thecomparisonsbetweenthegridsfor differentelements
that follow, only the highestquality grids will be compared,becauseit is assumed
that the lower quality gridscanbeobtainedfrom thehigherquality grids in a simple,
straightforwardmanner.

TheCarbongrid wasthemostoptimizedgrid, andthework ondeterminingNi grid
parametersbeganwith the Carbongrid. For the placementsof the radial grids, the
highestquality C grid put 4 sphericalshellsbelow 0.4 bohr, another3 shellsbetween
0.4 and 1.173 bohr, another5 shellsbetween1.173 and 3.2 bohr, another3 shells
between3.2and4.765bohr, andafinal 3 shellsbetween4.765and8.0bohr. All shells
below 0.6 bohrusedPS-GVBgrid number9 (26 pointspershell), theshellsbetween
0.6and4.5bohrusedgrid number26 (116pointspershell),andtheshellsbeyond4.5
bohrusedgrid number3 (12 pointspershell)9. Table4.2 summarizesthe resultsfor
theC finegrid.

Becausethecovalentradiusof Ni is roughly twice thatof C, thefirst attemptat a
grid simply put another2 sphericalshellsbetween8 and16 bohr, so that the spatial
extentof the Ni gridswould be roughly twice thatof the C grids. The radial regions
between4.5 and8 bohr were augmentedwith higherangularmomentashells. The
reasoningbehindthesechoiceswas to maintainthe basicappearanceof the C grids
shiftedout abit. Carewastakento keepthetotalnumberof pointsfrom becomingtoo
muchlargerthanC, which hadroughly1000gridpointsfor thehighestquality grids.
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Table4.2: PS-GVBC finegrid. Thepositionof thesphericalgridsis givenastheouter
radius

L tBå�Q of eachregion andthe numberof sphericalgrids � ï æ�Â'MO��M in the region.
The densityof the sphericalgrids is given as the outer radius

L tBå�Q and the angular
density� P ] � of thegridsin thatregion. Radii arein termsof bohr.

Position DensityL tBå�Q � ï æ�Â'MO�!M L t&å�Q ��P ] �
0.400 4 0.6 9
1.173 3 4.5 26
3.200 5 8.0 3
4.765 3
8.000 3

Oneunfortunatediscoveryof theoptimizationprocedurewasthatgrid anddealias-
ing functionparameteroptimizationis tightly coupled.Theresultof thisis thatthegrid
cannotbeoptimizedwithout thesimultaneousoptimizationof thedealiasingfunctions.
Thismadetheoptimizationproceduremuchmoretimeconsuming.Theparticularform
of theoptimizedNi grid will bedescribedafterthediscussionon theoptimizationpro-
cedurein Section4.5

4.4 DealiasingFunction Parameters

While the grid parameterswerebeingoptimizedit wasalsonecessaryto simultane-
ouslyoptimizethe dealiasingsetparameters.Thedealiasingfunctionparametersare
considerablymore complex than thoseof the grid. Becauseof finite grid size, and
thereforeimperfectnumericalintegration,whentheeffect of

� ©
is computedon a ba-

sisfunction ¡ ¯ � © � D � � L � D ��w! � �äË 3 ®�¯ ° ©®�¯ R ®�¯ � D � � Ð L � D ��w� � (4.1)

it containsanalias[10, 11]—characteroutsideof thebasisset—thatcancauseerrorsin
theintegrationif notremoved.Thedealiasingfunctionsareasetof basisfunctionsthat
expressthealiassothatit canbeprojectedoutof theintegrationprocedure(seeSection
3.6). Becausethe primary function of the dealiasingset is to completethe basisset,
dealiasingfunctionsarechosenwith exponentsbetweenthebasissetexponents,orwith
thesameexponentandhigherangularmomentum.Again,becausetheCparametersare
themostoptimized,they areusedasastartingpoint for Ni dealiasingsetoptimization.

The aliasin the numericalintegrationproceduredoesnot occuronly on the atom
onwhich thebasisfunctioncn is centered,but it alsooccursontheneighboringatoms.
Consequentlydealiasingfunctionsarealsoincludedon neighbors,next-nearestneigh-
bors,andsoon. Justasthe mediumandcoarsegrids arederived from the fine grids
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Table4.3: C 6-31G** basisset. The lines indicategroupsof exponentscontracted
togethervia thecoefficientsin thethird column.

Exponent Type Coefficient
3047 s 0.001835
457.4 s 0.01404
103.9 s 0.06884
29.21 s 0.2322
9.287 s 0.4679
3.164 s 0.3623
7.868 s -0.1193
1.881 s -0.1608
0.5442 s 1.143
7.868 p 0.06900
1.881 p 0.3164
0.5442 p 0.7443
0.1687 s 1.000
0.1687 p 1.000
0.8000 d 1.000

by simplifying them, the neighbordealiasingfunctionsare derived from the atoms
dealiasingfunctionsby removing someof thedealiasingfunctions.

Table 4.3 reportsthe C basisset 6-31G**, which is the basisset that PS-GVB
primarily usesfor C.

Generally, only thelargestexponentin a contractedsetis consideredwhenchoos-
ing dealiasingfunctions. Theguidelineusedin choosingexponentswasthata factor
of 2 betweenexponentsis ideal. Thesmallestexponentin C 6-31G** is 0.1687.Op-
timization of C dealiasingsetsshowed that smallerexponentsarenot necessary. An
additionalexponentwasincludedat0.35to spanthespacebetween0.1687and0.5442,
andanexponentof 1.6wasincludedto spanthespacebetween0.8and3.164.Larger
exponentswereaddedat 6.4,12.8,and25.6to spantherestof thespace.

At eachbasisanddealiasingfunction exponentan angularmomentumis alsose-
lected. The guidelineusedin choosingexponentsis that onedegreeof angularmo-
mentumbeyond the highestbasisfunction angularmomentumis required,and the
angularmomentumfor dealiasingfunctionsarechosento besimilar to thebasisfunc-
tion angularmomentanearby. Table4.4 shows the entiredealiasingset for C [16].
Theguidelinesarenot absolutelyfollowedbecauseoptimizationshows thatdifferent
choicesmight bebetterfor a givenbasisset.

The Ni basisset is considerablydifferentfrom the C 6-31G** basisset. The Ni
basisset is a double-zetabasisderived by Hay andWadt [23] with an effective core
potentialreplacingthecoreelectrons.Thisbasissetis givenin Table4.5.

Themoststriking differencebetweentheNi basissetandthatof C is that, just as
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Table4.4: C dealiasingset.Shown aretheexponentsof thebasisfunctions,andthean-
gularmomentaat which dealiasingfunctionsarecreatedon theatomandneighboring
atoms.

Exponent Atom A.M. NeighborA.M.
0.1687 spdf spd
0.3500 spdf -
0.8000 spdf spdf
1.600 spdf spd
3.164 spd -
6.400 spd spd
12.80 sp sp
25.60 sp sp

Table4.5: Ni Hay-Wadtbasisset. The lines indicategroupsof exponentscontracted
togethervia thecoefficientsin columnthree.

Exponent Type Coefficient
7.620 s -0.4061
2.294 s 0.7423
0.8760 s 0.5330
2.294 s -0.02643
0.8760 s -0.1212
0.1153 s 0.5267
0.03960 s 1.000
23.66 p -0.048019
2.893 p 0.6241
0.9435 p 0.4702
0.08600 p 0.02610
0.08600 p 0.5215
0.02400 p 0.5955
42.72 d 0.03236
11.76 d 0.1698
3.817 d 0.3960
1.169 d 0.4881
0.2836 d 1.000
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theaveragebonddistancesareabouttwice aslong for Ni asthey arefor C, thebasis
functionsaremorediffusefor Ni thanthey arefor C.

Thefirst guessof theNi dealiasingsetplacesexponentsat0.012and0.024to span
thespacebelow 0.0396,anexponentto spanthespacebetweentheexponents0.0396
and0.086at their geometricmean,0.0584,an exponentto spanthe spacebetween
theexponents0.086and0.2836at their geometricmean,0.15,andexponentsat 0.56,
1.12,2.24,4.48,8.9, and17.8to spanthe restof the functionalspace.The final op-
timized dealiasingsetwill be presentedin the next section,after a discussionof the
optimizationprocedure.

4.5 Optimization Procedure

TheNi � clusterwasusedto optimizethegrid anddealiasingsetparameters.Because
PS-GVBusestwo centeratomiccorrections,this wasthe smallestclusterthatwould
includenumericalintegrals. Five geometrieswereselected,at a varietyof anglesand
radii. It wasdesirableto have sucha wide rangeof geometriesto insurethat the re-
sultswererobustandnot merelylimited to a particulargeometry. At eachgeometry
calculationswererun usinga HF wave functionon thequartetspinstate.

Thegridsanddealiasingsetswereoptimizedovera largenumberof differentcal-
culations. The final optimizedhighestquality Ni grid had7 radial shellsbelow 0.4
bohr, 8 radial shellsbetween0.4 and1.173bohr, 10 radial shellsbetween1.173and
3.2bohr, 5 radialshellsbetween3.2and4.765bohr, 6 radialshellsbetween4.765and
8.0bohr, and6 radialshellsbetween8.0and16.0bohr11.Thesenumberswereessen-
tial scaledfrom C resultsto theappropriateradii. Most of thegrid optimizationwent
into assigningappropriateangularmomentato eachshell,on theassumptionthatnew
difficulties associatedwith Ni hasmoreto do with the increasedangularmomentum
of the d electronsthanit hasto do with increasedcomplexity in the radial functions.
Shellsbelow 0.5bohrusegrid number9, thosebetween0.5and1.0bohrusegrid num-
ber20, thosebetween1.0and1.5bohrusegrid number26, thosebetween1.5and4.5
bohr usegrid number28, thosebetween4.5 and5.5 usegrid number26, and those
between5.5and16.0bohrusegrid number22. Theseresultsaresummarizedin Table
4.6.

Many of thesegridpointsareremovedwhenthe gridsarepatchedtogether. Con-
sequently, thecentralNi atomin theNi � clustershad3000gridpointson it, compared
to the roughly 1000 on C; more points were necessaryto achieve the 0.1 kcal/mol
accuracy for Ni.

Several conclusionscanbe drawn from the appearanceof the Ni grid. Because
the bondingin Ni clustersis delocalizedfrom the atomiccenters,higherdensitiesof
gridpointsarerequiredfartherawayfrom thenucleusthanwererequiredwith C.TheC
gridscouldfall off rapidlybecausemostof theelectrondensitywascloseto thenuclei.
Not only do the grids have to extendfartherout in space,dueto the longerNi bond
lengths,but thedensitymustbehigherfartherout,becauseof thedelocalizedelectrons.

Table4.7displaysthefinal dealiasingsetfor Ni.
The choiceof the exponentsis entirely determinedfrom the basisset. The types

of dealiasingfunctionsat eachexponentwereoptimizedover a seriesof trials, until
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Table4.6: Ni fine grid. Thepositionof thesphericalgrids is givenastheouterradiusL tBå�Q of eachregionandthenumberof sphericalgrids � ï æ�Â�M;�!M in theregion. Theden-
sity of thesphericalgridsis givenastheouterradius

L t&å�Q andtheangularmomentum��P ] � of thegridsin thatregion. Radii arein termsof bohr.

Position DensityL tBå�Q � ï æqÂ'MO��M L tBå�Q ��P ] �
0.4 7 0.5 9
1.17 8 1.0 20
3.2 10 1.5 26
4.77 5 4.5 28
8.0 6 5.5 26
16.0 3 16.0 22

Table4.7: Ni dealiasingset. Shown aretheexponentsof thebasisfunctions,andthe
angularmomentaat which dealiasingfunctionsarecreatedon theatomandneighbor-
ing atoms.

Exponent Atom A.M. NeighborA.M.
0.012 spd spd
0.024 spd spd
0.0396 spd spd
0.0584 spdf spdf
0.086 spd spd
0.15 spdf spdf

0.2836 spd spd
0.56 spdf spdf
1.12 sp sp
2.24 sp sp
4.48 sp sp
8.9 sp sp
17.8 spd spd
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Table4.8: Ni � results. Shown arethe total energiesusingGVB2P5andPS-GVBin
hartrees,andtheerrorin kcal/mol,for a seriesof isoscelestriangularNi � clusters.

Geometry Energy (h) Errore L
(Å) GVB2P5 PSGVB (kcal/mol)

60� 1.74 -504.248096 -504.247943 0.096
60� 2.48 -504.628405 -504.628249 0.098
120� 2.04 -504.591164 -504.590973 0.120
180� 2.04 -504.598970 -504.598870 0.063
180� 2.48 -504.676823 -504.676809 0.009

the currentsetwas found that could reproduceto within 0.1 kcal/mol the resultsof
GVB2P5calculationsfor aseriesof geometries.

Someconclusionsmaybedrawn from theappearanceof theNi dealiasingset.The
dealiasingfunctionshave, in general,higherangularmomentum,no doubtreflecting
thehigherangularmomentumof theNi 3delectrons.Moreover, thedealiasingsetgives
themostaccurateresultswhentheneighborblockshavethesamedealiasingfunctions
asthecentralatomdoes.This is anotherresultof thedelocalizedNi bonding,similar
to thegrid requirementof higherdensityat greaterradii.

Thegoalat theoutsetof thework on Ni clusterswasto maintaintheaccuracy PS-
GVB obtainson maingroupelements,0.1kcal/mol.Table4.8summarizestheresults
for Ni � clustersusingthe parametersetsreportedin this section. Theseresultsmeet
theaccuracy criteriaof 0.1kcal/mol.

Thegeometriesfor theNi � clusterswereall isoscelestriangles,with theanglesand
bond lengthsshown in Table4.8. The geometrieswerechosento spanmostof the
geometriesNi wouldseein differentmetalclusters.By requiringtheparametersapply
to awiderangeof geometries,amorephysicallyrelevantsetof parametersis obtained.
Thequalityof theparametersis confirmedin thenext sectionwhenthey areappliedto
adifferenttypeof Ni cluster.

4.6 Application to Ni � Clusters

To verify thatthegrid anddealiasingsetparametersweregeneralanddid notonly work
for Ni � clusters,a setof calculationswererun on Ni � clusters11.Theseclustersare
describedwith two GVB pairscorrelatingthe4sorbitalslocalizedat theintersticesof
thebonds.Thegroundstategeometryfor this clusteris a rhomboidalgeometry, with
acuteangle60� , obtuseangle120� , andbondlength2.487Å. The quintetspin state
of the 3d electronson the Ni atomswasused. From the groundstategeometry, the
rhomboidwasdistortedinto asquare,asshown in Figure4.1.

Table4.9 presentstheresultsfor this calculation.As thesixth columnshows, the
agreementof PS-GVBwith GVB2P5 is excellent,onceagainto within roughly 0.1
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21.43 kcal/mol

Figure4.1: Distortionof Ni � from rhomboidto square.

kcal/mol.
The third andfifth columnsshow the distortionenergy from the groundstateen-

ergies.GVB2P5calculatesthis barrieras21.43kcal/mol,andPS-GVBcalculatesthe
barrieras21.26kcal/mol. Figure4.2 plots thesevaluesversustheangles,andshows
that,comparedto themagnitudeof thequantitiesbeingcalculated,whatevererrorPS-
GVB introducesin negligible.

TheNi � caserun in this sectionis a stringenttestof theaccuracy of theparameter
set,becausedifferentgeometriesandwave functionsareusedthanwereusedfor any
of the geometriesfor which the parameterswere originally derived. That the same
accuracy is achievedfor a differentsystemthatwasachievedfor theNi � clusterswith
which the parameterswereobtainedindicatesthat the parametersaregeneralanddo
not applyonly to thespecialcasesusedto derive them.

4.7 Conclusions

Thework reportedin thischaptershowsthat,with judiciouschoiceof grid anddealias-
ing setparameters,it is possibleto reproducetheresultsof standardmethodprograms
suchasGVB2P5usingthe PS-GVBprogram. A significantnumberof optimization
runsarerequiredandthetwo setsof parametersmustbeoptimizedsimultaneouslybe-
causeof thetightly couplednatureof thegridsandthedealiasingfunctions.Nonethe-
less,thefact thata high level of accuracy is possiblewith thePS-GVBprogramindi-
catesthat the significantspeedadvantagesdeliveredby this programcanbe usedfor
researchon metallicsystems.

Theconclusionsthatcanbedrawn from theoptimizationwork on Ni gridsare: (i)
becausethe bondlengthsof Ni clustersareapproximatelytwice aslong asthosefor
C containingmolecules,theNi gridsmustextendtwice asfar from thenucleusasthe
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Table4.9: Ni � distortionenergies. Ni � with a bondlengthof 2.487Åand the acute
anglesshown in column one. Shown for eachangle is the total energy in hartrees
calculatedvia GVB2P5andPS-GVB,andthedistortionenergy relativethatprogram’s
minimumenergy. Column6 reportstheerror, in kcal/mol,betweenthetwo methods’
totalenergies.

Angle GVB2P5
Æ + à Û K PS-GVB

Æ + ì � Error
(h) (kcal/mol) (h) (kcal/mol) (kcal/mol)

60� -672.902067 0.00 -672.901989 0.00 -0.04894
70� -672.893097 5.63 -672.893090 5.58 -0.004392
80� -672.880313 13.65 -672.880555 13.45 0.1518
90� -672.867922 21.43 -672.868110 21.26 0.1180
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Figure 4.2: Distortion Energy of Ni � Cluster. Comparisonof PS-GVB barrier to
GVB2P5barrier.
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C grids; (ii) becausethe Ni orbitalsaredelocalizedfrom the nucleus,in contrastto
the atom-centeredC orbitals, the Ni grids fall off moreslowly thanthe C grids, and
highergrid densitiesarerequiredat large radius; (iii) that the factorof two spacing
betweendealiasingsetexponentsusedfor C againworksfor Ni; (iv) thattheneighbor
dealiasingfunctionsareeven moreimportantfor Ni thanthey werefor C, andmore
functionsarerequiredon theneighboratoms,anotherreflectionof thedelocalizedNi
bonding.It is expectedthattheserulescanbeappliedto deriveparametersetsfor other
transitionmetalsystems.
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Chapter 5

Dir ect Inversion in the Iterati ve
SubspaceConvergencefor
GeneralizedValenceBond Wave
Functions

5.1 Intr oduction

The researchpresentedin this chapterdescribesan improved methodof converging
Hartree-Fock and GeneralizedValencebond wave functions. The most important
advantageof this methodis that wave functionsconverge in fewer iterationsusing
this methodthanusingstandardconvergencemethods.Anotheradvantageis that the
methodpresentedin this chapteris more reliable than standardconvergencemeth-
ods,almostalwaysconvergingwave functionsin 10-15iterations;althoughin thebest
cases,standardmethodscanconvergewave functionsthis quickly, they often require
many more iterations. Finally, the methodpresentedhereinis automatic. Standard
convergencemethodsoftenrequireuserinterventionto turnonor off orbitalaveraging
or otherwiseadjustthe convergenceprocedure.This methodis fully automaticand
requiresno input from theusersto helptheconvergence.

Section2.7 summarizesthe orbital optimizationequations[3, 6, 4] for a general
wavefunctionconsistingof closed,open,andGVB pairorbitals.Theseoptimalorbitals
aresolvedin aniterativeprocess.In eachiterationtheone-andtwo-electronoperators
areformedfrom thetrial (or previousiteration’s)orbitals,andtheoptimaloccupiedand
unoccupiedmixingsarecalculated,from which thesetof improvedorbitalsis formed.
Theiterationsproceeduntil thewave functionstopschanging.

Unfortunately, wavefunctionoptimizationcanbeaveryslow procedure,especially
in caseswith many open-shellor GVB orbitals.In thesecasestheorbital rotationsbe-
tweenoccupiedshellscanrequiremany iterationsto converge. Moreover, the rateof
convergencefor any type of wave function generallyslows asthe wave function be-
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comesmoreconverged,which makesattainmentof a highly convergedwave function
anevenmorecomputationallyexpensiveprocedurethanit would normallybe.

For SCFcalculations,quadraticallyconvergentprocedures[26, 27, 28] have been
developedthatrequiretheHessianmatrix,whoseelementsrepresentthesecondderiva-
tive of theenergy with respectto orbital variation. Althoughthesemethodsshow ex-
cellentconvergenceproperties,they requirea full transformationof the two-electron
integrals—an ������ö � process—tocomputeall of the elementsfor the optimization.
GeneralMC-SCFproceduresrequirea full integral transformation,andsoanegligible
amountof additionalwork is requiredto useaquadraticallyconvergentprocedure.But
oneof theprincipaladvantagesof thegeneralHFandGVB wavefunctionssummarized
in Section2.7is thatthey donotrequireafull integraltransformation,andconsequently
thework requiredto computetheoperatorsscalesformally only as �	�
��� � with thePS-
GVB method.With suchwave functions,computationof theHessianmatrixwould be
significantlymoreexpensivethancomputationof theotheroperators,andthereforethe
quadraticallyconvergentmethodsarenot practicalfor HF andGVB wave functions.

To addressthesedifficulties,Pulayintroducedthe direct inversionin the iterative
subspace(DIIS) method[29, 30, 31] thathasmadea significantimpacton SCFmeth-
odsin quantumchemistry. TheDIIS methodallows wave functionsto obtainconver-
genceratesapproachingquadraticconvergencewithoutany of theoverheadassociated
with rigorousquadraticallyconvergentmethods(i.e., calculatingandstoring a Hes-
sianmatrix, which has � ���� elements).DIIS methodsextrapolatethe Fock matrices
from differentiterationsto obtainthemostoptimalFockmatrix. Pulay’sDIIS methods
havebeenappliedto closed-shellHF, restrictedopen-shellHF (ROHF),andsingle-pair
GVB wave functions,andhaveyieldedimpressiveresults[29, 30, 31].

The work describedin this chapterreportsthe developmentof an improvedDIIS
scheme,generalizedvalencebond-directinversionin the iterative subspace(GVB-
DIIS) [32], which is valid for generalwave functionshaving arbitrary numbersof
doubly-occupiedcore orbitals, singly occupiedopen-shellorbitals, andvariably oc-
cupiedGVB naturalorbitals(vide supra Section2.7).TheDIIS schemepresentedhere
differsfrom previousschemesin severalways.Existingformulationsof DIIS areonly
valid for specialcases:closed-shellHF wavefunctions,ROHFwavefunctions,or one-
pairGVB wave functions.GVB-DIIS is general,andcanbeappliedto wave functions
with arbitrarynumbersof core,open,andGVB orbitals.Anotherlimitation of thePu-
lay DIIS schemeis thatit wasonly applicablefor late-iterationconvergence,whenthe
wave function is alreadymostlyconverged.This implies that thePulayschemehasa
smallradiusof convergence.By introducingsecond-ordertermsinto theFockoperator
usedin GVB-DIIS, theradiusof convergenceis significantlyimproved. With a suffi-
ciently accurateinitial guess[33], GVB-DIIS methodscanbeusedfor early iterations
in additionto thelateiterationconvergencefor which themethodswerederived.

This chapterpresentsa descriptionof the GVB-DIIS schemeandcomparesit to
thePulayDIIS schemeaswell asanotherDIIS schemein theGAMESSprogramsuite
[34]. ThischapteralsoappliestheGVB-DIIS methodto anumberof examplesof wave
functionswith variousnumbersof core,open,andGVB pair orbitals;andit presents
convergenceresultsfor GVB-DIIS aswell asa numberof theotherstandardmethods
of wave functionconvergence.For the limited typesof wave functionsfor which the
PulayandGAMESSDIIS schemes,work theGVB-DIIS convergenceis comparedto
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them. For moregeneralwave functionswe compareour convergenceto the pseudo-
second-orderconvergenceusedin GVB2P5[5] aswell asthatin Gaussian90[35].

5.2 Closed-ShellHF-DIIS

Usingorbital optimizationequationsin Section2.7, the wave functioncanbe saidto
beconvergedif � S~f �  f U � � Ì (5.1)

for all occupiedorbitals cd , with Fockoperator�  , andall occupiedandvirtual orbitalscXH . This is equivalentto sayingthatanorbital is convergedif theFock matrix for that
orbital is diagonalin thespacespannedby all otherorbitals.

DIIS procedures[29, 30, 31] make useof this definitionof wave functionconver-
genceto speedthe convergenceof the wave function. The error vector for the ü -th
iterationis givenby · ] JH � � S~f �  �� ] f U � (5.2)

where �  G� ] is theFockoperatorfor the S -th orbital at then-th iteration,andorbitals cd 
(rangingovertheoccupiedorbitals)and cXH (rangingoverall orbitals)arealsoevaluated
at then-th iteration. TheDIIS proceduresuseerrorvectorsfrom variousiterationsto
find anoptimalcombination . Í :3 ]�� ]�· ] � Ì { (5.3)

Thenext iterationusestheoptimalFockoperator, � tOæ%Q ,
� t�æ~Q �Þ. Í :3 ] � ] � ] (5.4)

where � ] now refersto thegeneral (spanningall shells)Fock operatorat iteration ü .
This is a singleFock operatorthat replacesthe individual Fock operators�  G� ] . The
particularnatureof � ] is discussedbelow. Diagonalizingthe optimal Fock operator� tOæ%Q , ratherthan � ] (asin aneigenvaluemethod)leadsto acceleratedconvergence.

TheFockoperatorin equation5.4andtheerrorvectorin equation5.2cannotbein
anmolecularorbital (MO) basis,assucha basiswould bechangingeachiterationas
theorbitalsareoptimized.In practiceansymmetricallyorthonormalizedatomicbasis,
hereafterreferredto ascanonical orbitals (CO), is generallyused. Alternatively, the
initial guessmolecularorbitalscouldinsteadbeusedasanunchangingbasis.

For closedshellHF casesit is convenientto write theerrorvectorenassimply· ] �,. s�r � 03  � � u f S � � S~f - f S � � S~f � u � (5.5)

in termsof the � uOt&��M doublyoccupiedmolecularorbitals.Thisdefinitionof · ] hasthe
propertythat · ] JH � Ì if cd and cXH arebothoccupied, (5.6)
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· ] JH �k- � u TH if cd is occupiedand cXH is unoccupied,· ] JH � � u JH if cd is unoccupiedand cXH is occupied,· ] JH � Ì if cd and cXH arebothunoccupied.

In termsof theatomicorbitalbasis· ]¢�¨ � 3  � � ¬|f � u f S � � S~f  � - � ¬|f S � � S~f � u f  ��� (5.7)

or, in matrix notation, · ] � � ] ÷ ] �ø-!� ÷ ] � ] (5.8)

where " ¢�¨ � � ¡ ¢ f ¡ ¨ � (5.9)

is theoverlapmatrix,and ° ¢�¨ � . s
r#� 03  ¥ ¢� ¥ ¨q (5.10)

is thecoredensitymatrix with orbital coefficients ¥ ¢� givenin equation2.37.
Equation5.5is normallywrittenas �#� ÷ - ÷�� � for aclosed-shellsystem.Because

thecanonicalorbitalbasisis alsoanorthogonalbasis,theerrorvectoris alsodefinedas�� ÷ - ÷$� � in thatbasis.In practice,for closedshellsystems,theFockmatrix � and
the densitymatrix ÷ areformedin the atomicorbital basis(over the basisfunctions¡=¢ ) andtransformedto canonicalorbitalsto form theerrorvector.

For multi-shellsystemsthechoiceof theerrorvectoris no longerstraightforward.
Section5.4presentsa generalapproachfor suchsystems.

Onceanerrorvectorhasbeendefined,the � ] iterationcoefficientsaredetermined
by minimizing [29, 30, 31] 3  JH Ë 3 ]%� ]'& ] JH Ð � (5.11)

undertheconstraintthat . Í :3 ] � ] �k� { (5.12)

This leadsto theequations (*) ��+ (5.13)

of order �� ÏQ E � , where ,  TH �,·� 
·;H for S!w�U.- Ì w (5.14),  0/ � , /� �W-¶� for S1- Ì w (5.15), /	/ � Ì w (5.16)

and ¹  � Ì S2- Ì w (5.17)¹ / �k-¶� (5.18)
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andthe �  coefficientsareusedin equation5.4to obtaintheorbitalsof thenew iteration,
andwhere � / is a Lagrangemultiplier correspondingto half thenormof thenew error
vector.

5.3 GeneralFock Operators

The Fock operatorin equation2.121representsthe first-orderchangein the energy
with respectto orbital variation.Normally, oneFock matrix, � u , is constructedfor the
coreorbitals,andotherFock matrices,�  , areconstructedfor eachopenor GVB pair
orbital c§ . But in orderfor theDIIS methodto work,all orbitaloptimizationstakeplace
as the diagonalizationof a singleFock operator. This sectiondescribesa variety of
methodsfor replacingtheseparateFockoperators( � u , �  ) with asingleFockoperator� . Traditionally, orbital optimizationschemesthatperformedall orbital optimization
with a singlediagonalization(purediagonalizationor eigenvaluemethods)for multi-
shell casesgenerallygive slow convergencebecauseonly first-orderchangesin the
energy areconsidered.Oneof themajoradvantagesto a DIIS methodis that through
extrapolationit canprovide the fastconvergencegenerallyonly seenin second-order
methods.Thegoalin thissectionis how to combinethespeedof theDIIS methodwith
a Fock operatorthatcanexpressall of theopen-shellandGVB orbital optimizationin
asinglediagonalization.

5.3.1 SimplestApproach: CombineSeparateFock Operators

The simplestdefinition of a multi-shell Fock operatorthat satisfiesthe convergence
criteriain equation5.1is�  TH � � ñ TH S!w�U areorbitalsin shell õ (5.19)�  TH � � ñ JH - � ô TH S!w�U arein differentoccupiedshells õ§w ��7 TH � � ñ TH S is anorbital in shell õ , U is unoccupied�  TH � � u TH S!w�U areunoccupiedorbitals.

This is thealgorithmthat theGAMESSprogramsuite[34] usesfor DIIS convergence
for openshell and GVB wave functions. We have found that DIIS methodsbased
on sucha Fock operatorwork well when the wave function is sufficiently closeto
convergence,but have difficulty with lessoptimal startingguesses.Moreover, this
methodis inherentlyunsuitedto caseswith multiple GVB pairsbecausevery often
two or morepairsaredegenerate(e.g. the two OH bondsin water); with this Fock
operatorthediagonalelementsfor degeneratepairsareequivalent,anddiagonalization
will delocalizetheGVB naturalorbitalsover theequivalentpair.

Furtherdifficulties with this Fock operatorcanbe seenby examiningthe mixing
dueto off-diagonalelementsin a matrixdiagonalization,which is proportionalto>  JH> HOH - >  A (5.20)
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for anarbitrarymatrix 3 , where>  TH54*4Êf > HOH - >  A &fÏ{ (5.21)

With theFockmatrixdefinitionfrom equation5.20,thisyieldsfor themixing between
two occupiedorbitals � ô TH - � ñ TH� ôHOH - � ñ 5 (5.22)

where � ñ is the Fock operatorfor orbital c  , and � ô is the Fock operatorfor orbitalcXH . Recallingequations2.116–2.119,the correctsecond-orderform for the mixing
betweentwo occupiedorbitalsis � ô TH - � ñ JH� ô 5 - � ñ A - � ôHOH E � ñHOH E�É  JH { (5.23)

The moststriking part of equation5.22 is that it getsthe sign wrong for the mixing
of � ôHOH and � ñ 5 in the denominator. In equation5.22 theseelementshave opposite
signs,whereasthecorrectmixing termfrom equation5.23hasthesamesignsfor these
two terms.This cancausethedenominatorto besmall (or evenzero)andthemixing
termsconsequentlyto becomevery largeandunstable.Moreover, the lack of the

É  TH
termspreventsthewave functionfrom convergingwith two degenerateorbitals:as c  
approachesc H all of the termsin equation5.23 approachzeroexcept

É  JH , which is
largefor localizedorbitals. The

É  TH term causesequation5.23to go to zero,because
the denominatorremainsnon-zerowhile the numeratorgoesto zero. The mixing in
equation5.22 is unstablefor degenerateorbitalsbecauseboth the numeratorandthe
denominatorgo to zero. Theabsenceof � ñHOH and � ô A termsin equation5.22is yet an-
otherexampleof how themixing describedtheredoesnot reproducetheactualorbital
mixing in equation5.23.

5.3.2 The Pulay Multi-shell Fock Operator

Othermethods,e.g.,Pulay’s5,haveusedastheFock operator�  JH � � u JH S�w�U bothin shell õ or bothunoccupiedorbitals (5.24)�  JH � � ñ TH - � ô TH S�w�U arein differentoccupiedshells õ and
��7 JH � � ñ JH S is occupied,U is unoccupied{

Theadvantageto thePulayFock operatoris that thedenominatorof themixing term
from equation5.20 is � uHOH - � u A ratherthan � ôHOH - � ñ A , which is a somewhat better
approximation.The PulayFock operatoris intendedonly for wave functionswith a
singleGVB pair, and,indeed,is inappropriatefor wave functionswith morepairs,as
degenerateorbitalswouldstill producetheinstabilitiesdiscussedabove.

5.3.3 The Pageand McIv er Fock Operator

PageandMcIversuggest[36] thatmany of theproblemsassociatedwith theFockma-
trix of thetype in equations5.20or 5.25maybeavoidedby incorporatingtheproper
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orbitalmixing termsinto theFockoperatorandscalingthoseelementsby thedifference
in thediagonalelementssothatthepropermixing termsareobtainedwhenthematrix
is diagonalized.A further improvementis madewhenpseudo-canonicalorbitalsare
usedby diagonalizingeachshell individually beforeforming theFock operator. Such
a formulationallows an artificial diagonalterm,generally�*6 A � S , to be usedasthe
diagonalelementanddividedout whenthe matrix is diagonalized.PageandMcIver
usethis Fock operatorin a scaledeigenvaluemethod. GVB-DIIS usesthe Pageand
McIvermethodto incorporatetheproperorbitalmixing into aDIIS procedurefor mul-
tiple shells.

5.3.4 The GVB-DIIS Multi-shell Fock Operator

GVB-DIIS, following PageandMcIver, usesthe following form for the multi-shell
Fockoperator:�7 JH � �*6 A l  TH S�wU arein shell õ or unoccupied (5.25)�  JH �Ê- <jÍÏÎK ÍÏÎ ���*6HOH - �*6 A � S�wU arein differentshells õ and

��7 JH �W- �87ÍÏÎ�:9ÎGÎ z � 7Í5Í ���*6HOH - �*6 A � S is occupied,U is unoccupied{
This definition requiresthat pseudo-canonicalorbitals be used. Transformingto
pseudo-canonicalorbitals is easilydone: essentiallythe coreFock operatoris diag-
onalizedin the spacespannedby the closedshell orbitals. Althoughsucha transfor-
mationdoesnot changetheenergy, it doesrotatethecoreorbitalsinto their canonical
orientations.In equation5.26, R  JH and V  TH aredefinedasin Section2.7, leadingto an
off-diagonalmatrixelementof�  TH � ��� ñ TH - � ô JH � ��� 6HOH - � 6 A �� ôHOH E � ñ 5 - � ô TH - � ñ JH E�É  TH (5.26)

Multiplying theoff-diagonalblocksby ��� 6HOH - � 6 A � removestheeffect of thedivision
by this term when the matrix is diagonalized(seeequation5.20). This allows the
inclusion in equation5.26 of the correctsecond-ordertermsfrom Section2.7. This
approachhastheadditionaladvantagethat it reducesexactly to thestandardapproach
in the limit whereall theoff-diagonalelementsof equation5.26go to zero. It should
beemphasizedthatthemultiplicationby ���*6HOH - �*6 A � in equation5.26is not included
to scalethe mixing in the off-diagonalelements,but ratherto ensurethat the correct
second-ordermixing strengthis includedwhenthematrix is diagonalized.

5.4 Choiceof the Err or Vector

Section5.2 describesthe choiceof the error vector · ] at iteration ü . In particular,
equation5.7 describesthe error vectorin termsof off-diagonalelementsof the Fock
matrix for that iteration. Using this definition it is easyto seehow DIIS algorithms
work. Theorbitalsareconvergedwhentheoff-diagonalelementsof theFockmatrixare
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all zero.DIIS find thelinearcombinationof Fock operatorsthatis closestto diagonal,
andtakestheeigenvaluesof thatmatrixasthenext iteration’sorbitals.

Our original approachfor a multi-shellerrorvectorbuilt on thedefinitionin equa-
tion 5.5. That is, �� ÷ - ÷�� � is takenastheerrorvector, anda generaldefinitionof
themulti-shell densitymatrix is sought.Using the definition for � given in equation
5.26,themulti-shelldensitymatrix is definedin termsof molecularorbitalsas°  A � ¹  (5.27)°  JH � Ì S<;� U?{ (5.28)

This definition correspondsto transformingthe standardatomicorbital definition of
thedensitymatrix from equation2.48into a molecularorbital basis.÷ thusdefinedis
transformedinto thecanonicalorbital basis,andtheerrorvectoris formedas �� ÷ -÷$� � .

Usingthedefinitioniin equation5.28of themulti-shelldensitymatrixandforming
theerrorvectoras �� ÷ - ÷$� � hastheunfortunateeffectof minimizingtheimportance
of GVB secondnaturalorbitals,where

¹  canbevery small. With sucha formulation
of the error vector the core and first naturalorbitals converge well, but the second
naturalorbitalsconvergedmoreslowly. Correctingthis problemleadsto themodified
definition °  5 � ¹  ¹  =- � v � (5.29)°  5 �W� v � ¹ S>4 � v � (5.30)°  TH � Ì S<;� U?{ (5.31)

Althoughequation5.31is anad hoc definitionandlacksthephysicalrigor of definition
5.28,it leadsto reliableconvergencefor all orbitalswhen �� ÷ - ÷$� � is usedasthe
definitionof theerrorvector.

At this point it is notedthat althoughthe definition �� ÷ - ÷$� � is a convenient
methodof implementingthe conditionsfor the error vectordefinedin equation5.7,
it is by no meansthe only definition of the error vector. In particular, becausethe
definitionof themulti-shelldensitymatrix is notstraightforward, �#� ÷ - ÷$� � maybe
abandonedin favor of a moredirectmethodof forming theerrorvectorthatpreserves
the spirit of equation5.7. The essenceof the DIIS methodis that the off-diagonal
elementsof theFock matrix bezerofor convergence,andthat the linearcombination
of pastandpresentiterations’Fock matricesbe chosenthat form the mostdiagonal
Fockmatrix. Thustheerrorvectorfor iterationn is definedasthesuper-vector· ] JH � �7 TH (5.32)

wherec  rangesovertheoccupiedorbitals,and c H 4�c  andthat c  and c H cannotalso
be in thesametypeof shell (e.g.,bothcoreorbitals). This matrix is constructedover
thecurrentiteration’smolecularorbitals,andtransformedto thecanonicalorbitalbasis
sothatit is in thesamebasisastheerrorvectorsfrom otheriterations.

In practice,this definition of the error vector leadsto essentiallythe samecon-
vergencebehavior asthe definition usingequation5.31andforming the error vector
as �� ÷ - ÷�� � . The definition in equation5.32 is usedin GVB-DIIS becauseof its
conceptualandcomputationalsimplicity.
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5.5 RelatedConvergenceIssues

Pulayhasfound[29, 30, 31] theuseof level shifting andoff-diagonalelementscaling
usefulin improving DIIS convergence.Level shifting is a methodof insuringthat the
wave functionconvergesto theproperroot. Recallingequation2.116for the rotation
angle

Æ Æ �_Ë Ì <jÍÏÎK ÍÏÎ- < ÍTÎK ÍTÎ ÌÑÐ (5.33)

andfurther recallingthat the R  TH termsarerelatedto thefirst derivative of theenergy
with respectto orbital mixing, andthe V  JH termsarerelatedto the secondderivative
of the energy with respectto orbital variations,for a wave function to converge to a
minimumthedenominatormustbepositive. Whenthewave functionis faraway from
convergenceit is oftenthecasethatmany of the V  TH termsarenegative. Level shifting
calculatesan amount l to addto all of the V� TH termsto make themall positive, and
formstherotationangleas Æ � Ë Ì <jÍÏÎK ÍÏÎ ¸ ?- < ÍTÎK ÍÏÎ ¸ ? Ì Ð (5.34)

Typically, l is takenastwice theamountof themostnegativevalueof VÇ TH , which has
the effect of makingthe new minimum valueof V� TH asmuchpositive asit hadbeen
negative,andshifting all of theothervaluesupwardaccordingly. If excitedstatesare
desired,avalueof l canbechosenthatmakesall but oneof thevaluesof V  TH positive.
The second-ordertermsintroducedin the GVB-DIIS Fock operatorin equation5.26
giveexcellentconvergencefor awidevarietyof caseswithoutneedingto resortto such
methods.Indeed,noimprovementis seenwhensuchmethodsareintroduced,but these
methodsmaybeimportantin futureapplicationsto metalsor excitedstates.

TheDIIS extrapolationschemein equations5.4and5.11–5.18requireFockmatri-
cesanderrorvectorsto besavedevery iteration.This canresultin largevaluesof the� ] coefficientsin equation5.4 if thenumberof iterationsbecomeslarge. Pulayscales
thediagonalelementsof the

(
matrix in 5.11–5.18to resolvethisproblem.GVB-DIIS

hasimplementedaschemethatsavesonly teniterations.Pastalgorithmsthatsaveonly
afixednumberof iterationsuseanexpensiveprocessof discardingtheoldestiteration,
moving thematricesaroundin memoryto save thenewestiteration’s information. In
contrast,for eachiterationpastthetenthGVB-DIIS overwritesthematrix thathadthe
lowest � ] coefficient in the previous extrapolation. The GVB-DIIS schemeamounts
to discardingthe leastimportantinformation ratherthan the oldestinformation; the
schemethatoldermethodsemploy assumesthattheoldestinformationis theleastim-
portantfor convergence,but this is not necessarilythe case.The GVB-DIIS scheme
decreasesthestoragerequirementsandhaslittle impacton theefficiency of theGVB-
DIIS convergence.

Although the introductionof second-ordertermsgreatly increasesthe radiusof
convergencefor GVB-DIIS, and althoughquality initial guessesmost often put the
startingpoint of a calculationwithin this radiusof convergence,it is still possibleto
find a systemfor which theinitial guessis outsidetheradiusof convergenceof GVB-
DIIS. Defininga thresholdlimit of theerrorvector, abovewhichstandardconvergence
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methods(suchasthosedefinedin Section2.7)areused,canmake thealgorithmmore
robust. Theresultspresentedhereuse @BA × � · � �¦� { Ì asthis threshold,which is found
to beoptimalfor overall computationtime. In contrast,thePulayDIIS methodusesa
thresholderrorvectorvalueof 0.05,which reflectsthesmallerradiusof convergence
of the Pulay DIIS scheme. GAMESS DIIS schemeusesa thresholdof the energy
changebeinglessthan0.5 hartree,which is alsogenerallycloserto convergencethan
the thresholdusedby GVB-DIIS. Thedifficulty with usinga lower valueis that very
often non-DIIS convergencemethodstake a long time to reachthe lower value; the
difficulty with a highervalueis that thereis a chancethe wave function will still be
outsideof the radiusof convergenceof the DIIS method.Generallysucha threshold
definition,with a quality initial guess,leadsto no morethanonenon-DIISiteration.

Oncethecalculationis within theDIIS radiusof convergence,thesequenceof op-
erationswithin a GVB-DIIS iterationis: (i) calculationof the two-electronoperators;
(ii) calculationof GVB-CI coefficients;(iii) formationof thegeneralFockoperatorvia
equation5.26anderrorvectorvia equation5.32;(iv) determinationof theiterationco-
efficientsvia equations5.11–5.18;(v) diagonalizationof thecompositeFock operator
in equation5.4 to obtainthe new orbitals. If the wave function is not converged,the
calculationproceedsbackto (i) for anotheriteration.

5.6 Results

TheGVB-DIIS method[32] describedaboveprovidesexcellentconvergencefor awide
varietyof wavefunctions.For one-pairGVB wavefunctionswecompareourresultsto
bothGVB2P5[5] andGAUSSIAN90[35] convergencemethodsandto theDIIS con-
vergencein GAMESS[34]. TheDIIS schemein GAMESScanbeunstablefor more
thanoneGVB pairor for openshellorbitalsin additionto aGVB pair. GAUSSIAN90
only usesDIIS for HF wave functions.Thus,theGVB-DIIS resultsfor morecomplex
wavefunctionsarecomparedto GVB2P5andGAUSSIAN90standard(i.e.,non-DIIS)
convergence.

Oneof theimportantlessonsof thework reportedhereis thatreliableconvergence
doesrequireareliableautomaticprocedurefor initial guesses.GVB-INIT [33] is afast,
automaticmethodof generatingthe localizedinitial guessesfor GVB orbitals,andis
usedasthestartingguessfor theexamplesreportedhere.

In the following exampleswe compareresultsbetweendifferentprograms. We
begin all programsfrom thesameinitial guess.Theconvergencecriteriawe usein the
following examplesrequiresthe SQCDF, the sumof the squaresof the differencein
thewave functionbetweentwo iterations,to belessthan � Ì z C (it shouldbenotedthan
this is oftena muchmorestringentrequirementthanthemorecommonlyusedcriteria
of energy variationbetweeniterationsbeinglessthan � Ì z C ). We reportthenumberof
iterationsfrom trial guessto convergencein all cases.
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Table5.1: Numberof iterationsto convergetheone-pairGVB wave functionfor H � O
asoneOH bond is dissociated.The startinggeometry(

L Õ � � Ì { � � Å,
e � Õ � �� Ì�D { �FE � ) is the optimumgeometryfor the HF wave function usinga STO-3G basis.

For theSCF, a 6-31G** basissetis usedwith theGVB-INIT initial guess.

Numberof iterationsÆ L Õ � (Å) Energy (h) GVBDIIS GVB2P5 GAMESS G90
0.0 -76.043561 13 24 G 41
0.2 -76.023038 13 23 G 26
0.5 -75.963830 11 23 22 24
1.0 -75.904616 12 19 20 22
2.0 -75.883588 11 20 22 26µ

Did not converge

5.6.1 Onepair GVB wave functions

H2O, onebond stretched

Thefirst exampledemonstratestheability of GVB-DIIS to convergea wave function
with a singlecorrelateds bond. Table5.1 summarizesa seriesof electronicstructure
calculationson H2O usinga GVB pair for oneof the O-H ± bondsanda 6-31G**
basisset. The equilibrium geometryis obtainedfrom a STO-3G minimization. The
correlatedO-Hbondis stretchedtoavarietyof distancespasttheequilibriumgeometry,
the electronicstructureis calculatedusingGVB-DIIS, GVB2P5,GAUSSIAN90and
GAMESS,startingfrom thesameinitial guessandgeometryfor all threeprograms.

Table5.1 presentsdatastartingfrom our standardinitial guess,describedabove.
GVB-DIIS displaystypically excellentbehavior, converging in 11 to 13 iterationsin
the casesreported.GVB2P5takessignificantly longerin every case.The GAMESS
DIIS convergenceschemedoesaboutaswell asGVB2P5for thethreemoststretched
cases,but doesnotconvergefor thetwo casescloserto theequilibriumgeometry. This
is dueto mixing betweenthefirst GVB naturalorbitalandtheuncorrelatedO-H bond,
which resultsfrom using the Fock operatordefinedin equation5.20, which would
have near-identical matrix elementsalong the diagonalfor thesetwo orbitals. The
useof pseudo-canonicalorbitalsandtheFock matrix definedin equation5.26allows
GVB-DIIS to usean artificial diagonalelementof the Fock operatorwith no lossof
accuracy. As the resultsin Table5.1 show, GVB-DIIS hasno difficulty whatsoever
with thesedegeneracies.GAUSSIAN90,whoseGVB convergenceis basedupona
similar schemeto that in GVB2P5,follows the samegeneraltrendsasGVB2P5but
takesslightly longerfor eachcase;its convergenceis muchslower thanthat seenin
GVB-DIIS.

In Table5.2, theeffect of usinga guessthat involvesa HF SCFcalculationbefore
generatingtheGVB orbitalsis investigated.Theseguessesaresignificantlymorecom-
putationallyintensivethantheguessesusedin Table5.1. In everycaseGVB-DIIS runs

69



Table5.2: Thesamesequenceasin Table5.1but with initial guessesbasedon localiz-
ing theorbitalsof theHF wave functionratherthanGVB-INIT.

Numberof iterationsÆ L Õ � (Å) Energy (h) GVBDIIS GVB2P5 GAMESS G90
0.0 -76.043561 13 22 G 34
0.2 -76.023038 12 21 G 26
0.5 -75.963830 11 19 G 24
1.0 -75.904616 11 37 19 46
2.0 -75.883588 10 107 27 392µ

Did not converge

asfastor fasterwith theseguesses,but theoneor two iterationssavedhardly justifies
theexpenseof obtainingtheguess.On theotherhand,althoughGVB2P5doeswork
slightly betterfor someof the lessdistortedgeometries,for themoredistortedonesit
behavesverypoorly. This is no doubtdueto thefactthatHF orbitalsarepoordescrip-
tionsfor chemicalbondsatverydistortedgeometries,andthatthey thereforeprovidea
poorbasisfor initial guesseshere.GAUSSIAN’sconvergenceis alsomoderatelybetter
for the lessdistortedgeometriesandratherpoorly for the moredistortedgeometries.
GAMESSfailed to converge3 of thecases.Thegeneralconclusionis that thepoten-
tial addedaccuracy of theguessesthatinvolveaHF SCFcalculationbeforegenerating
theGVB orbitalscertainlydoesnot justify the addedexpense.The remainderof this
chapterusesGVB-INIT, thelessexpensivestandardinitial guessmethodusedin Table
5.1.

Twisted ethylene

Table5.3 reportsdataobtainedfrom twisting the � bondin ethylenefrom Ì � to � Ì � .
Thegeometryof Krisnanet al. [37] is usedastheequilibriumgeometry. The � bond
is correlatedwith a GVB pair. Thetotal numberof iterationsrequiredto convergethe
wave functionfrom thetrial guessto aSQCDF 4 � Ì z C is reported.

At theequilibriumgeometryall methodsdisplayacceptableconvergence,but asthe
bondtwistsfurtherGVB2P5,GAUSSIAN90,andGAMESShaveincreasingdifficulty.
GVB2P5andGAUSSIAN take a largenumberof iterationsfor the � Ì � geometry, and
GAMESSdoesnot convergeat all. In contrast,GVB-DIIS shows rapid convergence
in every example. All of the wave functionshave the mostdifficult time converging
thewave functionfor thegeometrythathasthedissociatedp bond. GVB-DIIS main-
tainsreasonableconvergencepropertiesevenfor this wave function. Thefact that the
GAMESSDIIS convergenceschemecannotconvergeanumberof thegeometriesused
sofar castsdoubtson thegeneralapplicabilityandreliability of its algorithm. In con-
trast,GVB-DIIS demonstratesexcellentconvergencefor all of thegeometries.
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Table5.3: Numberof iterationsfor the one-pairGVB wave function for C� H � asa
functionof torsionaltwisting abouttheC-C bond. Startinggeometry:

L ë«ë � � { �F� �
Å,
L ë � � � { Ì EX� Å,

e � ë � � �?�IH { � � . The6-31G** basissetis usedwith theGVB-
INIT initial guess.

Numberof iterations
Twist Energy (h) GVBDIIS GVB2P5 GAMESS G90Ì � -78.066047 7 11 13 27� Ì � -78.022104 12 19 21 23� Ì � -77.906403 12 29 25 31� Ì � -77.748431 21 46 G 74µ

Did notconverge

Formaldehyde,onepair

Figure5.1 graphicallyillustratesthe convergenceadvantagesof GVB-DIIS usingan
electronicstructurecalculationon formaldehydewith a GVB pair correlatingthe p
bond.An STO-3Gminimizedgeometryanda6-31G** basissetis usedwith all meth-
ods. The figure plots the convergence,-log10(SQCDF),versusiterationnumberfor
GVB-DIIS, GVB2P5, GAUSSIAN90, and GAMESS methods. GVB-DIIS has the
fastestconvergenceof the four programs.GAMESSalsodisplaysthe rapid conver-
gencetypical of DIIS methods.GVB2P5takesmuchlonger thaneitherof the DIIS
methodsto converge, and GAUSSIAN90 takeseven longer; the run illustrateshow
this type of schemecanoften slow down closeto convergence.In contrastthe DIIS
methodscontinuetheir rapidrateof convergencefor theentiresequence.

Figure5.1 demonstrateshow theconvergenceof standardmethods(GVB2P5and
GAUSSIAN90)slows asthewave functionbecomesincreasinglyconverged. In con-
trast,bothDIIS methodsshow rapidconvergencepropertiesthatremainrelatively con-
stantasthewave functionconverges.

5.6.2 Multiple GVB pair wave functions

Dissociatingboth bondsof H2O

An exampleof wavefunctionswith multipleGVB pairsis reportedin Table5.4,where
theelectronicstructureof H � O is calculatedwith a 6-31G** basissetusingtwo GVB
pairsto correlatebothOH bonds.Theequilibriumgeometryis obtainedfrom anSTO-
3G minimization. The bondsarestretchedfrom equilibrium (0.94 Å) to over three
times the equilibrium distance(2.94 Å). GVB-INIT is againusedfor the trial wave
function. Table5.4 reportsthe total numberof iterationsfrom trial guessto SQCDF4 � Ì z C .

Although in onecaseGVB2P5convergesin fewer iterationsthanGVB-DIIS, for
othercasestheconvergenceusingGVB2P5canbequitepoor. In contrast,GVB-DIIS
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Figure 5.1: Comparisonof convergencewith GVB-DIIS, GVB2P5, GAMESS/diis,
andGAUSSIAN90for formaldehydewith aone-pairGVB wave function.

Table5.4: SameasTable5.1, exceptthat both bondsaresimultaneouslydissociated
anda two-pairGVB wave functionis usedto correlatebothOH ± bonds.

Numberof IterationsÆ L Õ � 6 (Å)
Æ L Õ � � (Å) Energy (h) GVBDIIS GVB2P5 G90

0.0 0.0 -76.063303 14 24 89
0.0 1.0 -75.925219 15 31 36
1.0 1.0 -75.799411 14 17 61
0.0 2.0 -75.904235 14 32 40
1.0 2.0 -75.778726 15 56 65
2.0 2.0 -75.756784 18 13 Gµ

Did notconverge
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convergesquickly (14 to 18 iterations)for everycasereported;GVB2P5requiresfrom
13 to asmany as56 iterationsto convergethesamecases.GAUSSIAN90,again,does
significantlyworsethaneitherof theotherprogramsfor all caseshere.

The fact thatGVB2P5doesbetterfor oneof thesecasesis very curious,because
theGVB-DIIS Fock operatorshouldreproduceall of theorbital optimizationcharac-
teristicsof GVB2P5convergencemethods.Theapproximation>  JH> HOH - >  A (5.35)

madefor themixing whenanarbitrarymatrix M is diagonalizedonly holdswhen>  TH 4*4Êf > HOH - >  A fÏ{ (5.36)

This is not thecasefor largechangesin theorbitalsduringoptimizationsteps.Thus,
standardmethodsfor orbital optimizationcanstill work betterfor unconvergedwave
functions. This is why non-DIIS iterationsarestill necessaryat the beginningof the
convergencesequence.It shouldbeemphasizedthateventhoughthestandardmethods
work betterin thisoneinstance,GVB-DIIS at its worstconvergeswavefunctionsmuch
morerapidly thanthemajorityof examplesusingstandardmethods.

Dissociationof the doublebond in ethylene

Dissociatingadoublebondis astiff testof theconvergencemethod.Thenext example,
summarizedin Table5.5, reportsthe dissociationof C-C doublebondin C� H � . The± and � bondsarecorrelatedwith two GVB pairs. The planargeometryfrom Table
5.3 is usedas the equilibrium geometryhere. GVB-DIIS is dramaticallyfasterthan
theothertwo programsfor every geometry, requiringno morethan15 iterationsfrom
initial guessto SQCDF 4 � Ì z C for any case.GVB2P5,on the otherhand,takesno
lessthan14 andasmany as54 iterations,whereasGAUSSIAN90requiresfrom 26 to
126iterationsfor thesesamegeometries.

Methyl dissociation

The next example,in Table5.6, examinesthe effect of an open-shellorbital on the
convergencerate of GVB-DIIS. One of the advantagesof GVB-DIIS is that it can
handlegeneralwavefunctionsthatmix open-shellandGVB naturalorbitals.TheCH�
radicalis agoodtestof theconvergencefor suchawavefunction;thewavefunctionis
calculatedusinga planargeometrywith

e � ë � � � � Ì � . TheC-H bonddistancesare
variedfrom 1 to 2.6Å, andtheelectronicstructureof thedoubletstateis calculatedat
that geometryusingboth GVB-DIIS andGVB2P5. Onceagain,GVB-DIIS requires
feweriterationsthandoesGVB2P5,andGAUSSIAN90hasincreasingdifficulty asthe
moleculedissociates.

Glycine with differ ent numbers of GVB pairs

In thefinal examplethenumberof iterationsrequiredto convergeaglycinewavefunc-
tion with up to tenGVB pairsis examined.An STO-3Gminimizedgeometryis used
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Table5.5: Numberof iterationsfor thetwo-pairGVB wave functionfor ethylene,asa
functionof displacementof thebondfrom equilibrium. TheGVB pairscorrelateboth
theC-C ± and � bonds.Thisstudyusesthesameequilibriumgeometryaswasusedin
Table5.3uses.

Numberof IterationsÆ L ë«ë
(Å) Energy (h) GVBDIIS GVB2P5 G90

0.0 -78.075751 10 15 26
0.5 -77.975870 13 36 40
1.0 -77.862122 8 14 70
2.0 -77.800986 15 54 74
3.0 -77.798767 15 39 125

Table5.6: Numberof iterationsfor converging the three-pairGVB wave function of
CH� radicalfor symmetricdissociationof thethreeC-H bonds.Thegeometryis kept
planarwith bondanglesof � � Ì � . The 6-31G** basisset is usedwith a GVB-INIT
guess.

Numberof IterationsLÇë �
(Å) Energy (h) GVBDIIS GVB2P5 G90

1.0 -39.585824 14 17 28
1.2 -39.583762 12 15 28
1.4 -39.492389 11 18 30
1.6 -39.382916 11 21 39
1.8 -39.281492 11 22 41
2.0 -39.196612 10 21 67
2.2 -39.127903 12 20 111
2.4 -39.072965 12 18 191
2.6 -39.029350 14 17 249
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Table5.7: Numberof iterationsfor convergingGVB wave functionsfor glycine. The
6-31G** basissetis usedwith GVB-INIT. Thegeometrywasfrom anSTO-3Gmin-
imization:

L . � � � { Ì � Å,
L . ë � � { � E Å,

L ë � � � { Ì � Å,
L ë«ë � � { DFD Å,L ë Õ � � { ��� Å,

L ë z Õ � � � { � H Å,
L Õ � � Ì { �F� Å,

e � . � � � Ì � { � D � , e � ë � �� Ì H { D � � , e � . ë � � Ì H { � � � , e . ë«ë � �?� �I{ D � � , e ë=ë Õ � � � D { ��H � , e Õ ë Õ � � �?� { ��� � ,e ë Õ � ��� Ì � { H D � , c � . ë«ë � DFD { ��E � , c � ë«ë Õ �Þ-¶� �?� { Ì�Ì � , all heavy atomsandthe
hydroxylH arecoplanar.

Numberof Iterations�¶æqP~ 5� Energy (h) GVBDIIS GVB2P5 G90
0 -282.837281 12 48 16G
1 -282.864831 13 26 30
5 -282.932640 20 162 111
6 -282.953850 17 42 42
10 -283.019396 20 90 75µ
HF DIIS convergenceused.

for glycine. Table5.7 reportsresultswith 0 GVB pairs (the regular HF wave func-
tion), 1 GVB pair (correlatingtheC-O � bond),5 GVB pairs(correlatingall theheavy
atom-heavy atombonds: 4 ± and 1 � bonds),6 GVB pairs (correlatingthe C-O �
bond,the3 C-H ± bonds,andthe2 N-H ± bonds),and10 GVB pairs(correlatingall
bonds).GVB-DIIS requiresfrom 12 to 20 iterationsto convergethesewave functions,
whereasGVB2P5requiresfrom 26to 162iterations,andGAUSSIAN90from 16to 75
iterations.

Particularly interestingin this exampleis that GVB-DIIS convergesthe HF wave
functionfasterthanGAUSSIAN90,which usesthePulayDIIS scheme.This demon-
stratesthattheadditionalequationsrequiredto maketheGVB-DIIS schemeconsistent
with generalwave functionsdoesnot impedeits behavior on closed-shellHF wave
functions,and,in fact,improvestheconvergencebehavior.

Figures5.2 and5.3 illustratesomeof thesecasesgraphically. The convergence,
-Log10(SQCDF),is plottedversusthe iterationnumberfor thewave functionswith 1
and10 GVB pairsfor GVB-DIIS, GVB2P5andGAUSSIAN90. We seeconsistently
rapidconvergencefor GVB-DIIS. GVB2P5andGAUSSIAN90show similarbehavior,
eachrequiringmany moreiterations,andtherateof convergenceslowsastheiterations
increase.

AlthoughGVB-DIIS hasoneiterationwheretheconvergencedoesnot monotoni-
cally increase,thewavefunctionconvergesrapidly, andtheconvergencebehavior does
not degradeas the wave function converges. In contrast,the standardconvergence
methodsslow down significantlyasthe wave functionsconverge,andthewave func-
tionstakemuchlongerto reachconvergence.

Thesametrendcontinueswith thetenpairexample.GVB-DIIS convergesrapidly,
whereastheconvergenceof thestandardmethodsslowsasthewave functionsbecome
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Figure5.2: Comparisonof convergenceof GVB-DIIS, GVB2P5andGaussian90for
Glycinewave functionswith theC-O � -bondcorrelatedusingoneGVB pair.

0

1

2

3

4

5

6

7

8

9

0 10 20 30 40 50 60 70 80 90

-log 6J/ (SQCDF)

Iterations

GVBDIIS GVB2P5

G90

Figure5.3: Comparisonof convergenceof GVB-DIIS, GVB2P5andGaussian90for
Glycinewave functionswith all 10 bondscorrelatedusingGVB pairs.

76



moreconverged.
The resultspresentedin Section5.6 reflecta numberof significantpoints. GVB-

DIIS in generalconvergesmuchmorequickly thanGVB2P5does.Moreover, patho-
logical cases,wheretheprogramtakesan inordinatenumberof iterationsor doesnot
converge,aremuchrarerin GVB-DIIS thanin GVB2P5.GAUSSIAN90convergence
followsthesamegeneraltrendsasdoesGVB2P5,but generallytakeslongerfor agiven
case;this convergenceis far inferior to that seenin GVB-DIIS. Finally, the radiusof
convergencefor GVB-DIIS, althoughperhapsnot as wide as that of GVB2P5, is a
significantimprovementover thatin theDIIS schemein GAMESS.

The most importantadvantagegainedby the GVB-DIIS algorithm comesfrom
the reliability it brings to wave function convergence. As the examplesin this sec-
tion demonstrate,GVB-DIIS convergeswavefunctionsin 10-15iterations,oftena few
moreor a few less,but almostalwaysin this range.Thebehavior of otherconvergence
algorithmsvariesfrom caseswherethey do aswell asGVB-DIIS, to caseswherethey
takeseveraltimesasmany iterationsto converge.It is this reliability thatmakesGVB-
DIIS anextremelyreliableoptionfor convergingHF andGVB wave functions.

5.7 Conclusions

TheGVB-DIIS methodmakesconvergingwave functionsthat includearbitrarynum-
bersof core, open,and GVB orbitals fast and reliable. This methodmakes it now
possibleto usephysicallyaccuratewave functionsto calculateforce-fields,to describe
bonddistortionanddissociationprocesses,andto obtainhighly convergedwave func-
tions for the purposeof calculatingmoreexact molecularpropertiessuchascharges
anddipolemoments.

TheGVB-DIIS convergenceschemehasalreadybeenimplementedin thePS-GVB
electronicstructureprogram[16]. Thepseudospectralapproach,whencombinedwith
themethodsdetailedhere,shouldallow GVB calculationsonmuchlargersystemsthan
havebeenpossiblebefore.
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Chapter 6

Ab Initio Calculation of
Porphyrin Excited States

6.1 Intr oduction

The researchpresentedin this sectiondevelopstwo new methodsof calculatingthe
energy andwavefunctionsfor porphyrinexcitedstatesusingab initio electronicstruc-
turetheorymethods.Thesemethodsinvolve frozencoreapproximationsandtheself-
consistentoptimizationof the excited states.Resultsarepresentedfor porphine,the
simplestporphyrin, using both methods. In addition, the flexibility of the second
methodallows calculationof chlorin and bacteriochlorin,two reducedporphyrins.
Thesemethodsmaybeusedto evaluatetheaccuracy of someof thecommonassump-
tionsmadeonporphyrinexcitedstates.

Porphyrinmoleculesareubiquitousin biologyandchemistry, appearingin, among
otherplaces,photosyntheticpigments[38], hemoglobin[39], cyctochromeP-450[40],
and a variety of syntheticcatalysts[41, 42]. One of the reasonsporphyrinsare so
commonin biology andchemistryis that they canbe modifiedandsubstitutedin a
varietyof ways,andthesevariationscanhave a profoundeffect on thechemistrythey
perform. Figure6.1 shows porphine,thesimplestporphyrin. The two hydrogenscan
beremovedfrom thecenterof thering yielding theporphyrindianion,anda seriesof
metalscancoordinatewith thefour nitrogenatoms.Theouterring hydrogensmayalso
bereplacedwith organicgroups,which canaffect thering geometry, changingit from
theplanarporphinegeometryto a non-planargeometry. Finally, doublebondson the
pyrrolegroupsmaybereduced.

Becauseporphyrinsareprimarily characterizedby their absorptionspectrum,and
becausetheabsorptionspectrumvariesgreatlywith substitutionof thering andcenter
positionson theporphyrin,analysisof theexcitedstatesof themoleculehaslongbeen
a subjectof intenseexperimentalandtheoreticaleffort. Thespectraof porphyrinsare
characterizedby an intenseUV absorptionknown astheSoret or B band,andseveral
weakvisibleabsorptionsknown asthevisible or Q bands[43]. Thefour-orbitalmodel
[44, 45] arosefrom 18-electroncircularwire modelsof porphyrins,andwaslater re-
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Figure6.1: Structureof Porphine

finedwith semi-empiricalcalculations.Thefour-orbitalmodelexplainsthequalitative
appearanceof theabsorptionspectrum,andthequalitativeshift of theabsorptionspec-
trum with substitution,andhasbeenan invaluabletool in the analysisof porphyrin
spectra.

Unfortunately, attemptsto put the four-orbital modelon firmer theoreticalground
havebeenhinderedby thedifficulty of anab initio calculationonaporphyrinmolecule.
This difficulty is partially dueto the sizeof the porphyrinmolecule. With 24 heavy
atomsand14 hydrogens,porphinerequires430basisfunctionswhenusinga double-
zetapluspolarizationbasisset. Moreover, themulti-configurationalnatureof theex-
cited statespredictedby the four-orbital modelcontribute to the difficulty of the cal-
culation. In general,descriptionof multi-configurationalstatesrequiresan �	�
��ö����� —
where ���� is thenumberof basisfunctions—transformationof thetwo-electroninte-
gralsthat is prohibitively expensive for a moleculewith 430basisfunctions.Descrip-
tionsof theexcitedstatesof porphyrinshavethuslackedtherigor of ab initio quantum
chemistry.

Thischapterdescribestwo methods,bothbasedonab initio quantumchemistry, of
calculatingthefour orbitalexcitedstates(FOES)of porphyrinsthatcorrecttheseshort-
comings.Thefirst, frozencorefour orbital excitedstates(FC-FOES)usesfrozencore
correctionsto freezethe ± interactionsin theporphyrinandperformsMC-SCFcalcula-
tionson theFOES.Thesecalculationsarefollowedby CI calculations(FC-FOES-CI)
at thesingleexcitationlevel to correctfor theapproximationsmadeby theGouterman
model.TheFC-FOESandFC-FOES-CImethodsareusedto calculatetheexcitedstate
for porphine,thesimplestporphyrin. Thesecondmethod,self-consistentfour orbital
excitedstates(SC-FOES),calculatestheFOESself-consistently, usingtheappropriate
Hamiltonianfor eachstate. The SC-FOEScalculationsusethe PS-GVBprogramto
describetheelectronicstructureof porphyrinmolecules.This programmakesit pos-
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sibleto directlycalculatethematrix elementsnecessaryto describetheenergy andthe
orbital optimizationof themulti-configurationalstates,sothata transformationof the
two-electronintegralsis not necessary. Theflexibility of theSC-FOESmethodallows
it to calculatethe excited statesof not only porphine,but also thoseof chlorin and
bacteriochlorin,two reducedporphyrins.Both FC- andSC-FOESmethodsshow ex-
cellentagreementwith experimentalresults.Theaccuracy of theFOESmethodcanbe
improvedby combiningit with thefrozencoremethod,whichallowstheincorporation
of singleexcitationsfrom theFOESstatesinto theunoccupiedorbitals.Thiscombined
method,SC-FOES-CI,is usedto correctthelimitationsof thefour orbital approxima-
tion in porphine. The high degreeof accuracy attainedwith thesemethodsindicates
thatthey arewell suitedto describingtheabsorptionspectrumof otherporphyrins.

6.2 The Four-Orbital Model and Four-Orbital Excited
States

The four-orbital modelconsidersthe occupiedorbitalswith the highestenergies, c P
and c � , and the two virtual orbitalswith the lowestenergies, c u and c " . From 18-
electroncircularwire modelsº and

»
aredegenerate,asare ¥ and g . In porphinewith° � Â symmetryorbital º has

» 6Bå symmetry, orbital
»

hasº å symmetry, orbital ¥ has
» � �

symmetry, andorbital g has
» � � symmetry, asshown in Figure6.2.

Thus,theopticallyallowedtransitionsconsistofº ã ¥ » � å symmetry (6.1)» ã g » � å symmetryº ã g » � å symmetry» ã ¥ » � å symmetry.

Transitionsof like symmetrycombineto form thefollowing coupledtransitions
*K � �
º�ã ¥ � E � » ãäg � (6.2)V K � �
º�ã ¥ � - � » ãäg �
*L � �
º�ã g � - � » ã ¥ �V L � �
º�ã g � E � » ã ¥ � {
Thesestateswill hereafterbe referredto asthe four-orbital excited states,or FOES.
Thesetransitionsareshown schematicallyin Figure6.3.

In
° ��Â symmetryorbital º hassymmetryº � å , orbital

»
hassymmetryº 6;å , and ¥and g form a degeneratepair of & � orbitals.Eventhoughthetransitionsareall now of

symmetry& å andmayfreely mix, thefour-orbital modelassumesthat they still retain
thegeneralform of equation6.3.

Thefour-orbital modelpredictstheshift of theabsorptionspectrumwith substitu-
tion by predictingthat therelative strengthof the individual transitionsin eachof the
coupledtransitionsin equation6.3will shift, causingashift in intensity. Thusthepure
FOESdescribedby equation6.3 areno longerthe exact wave functionsbut areonly
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c (b3g,eg) d (b2g,eg)

a (b1u,a2u) b (au,a1u)

Figure 6.2: Schematicrepresentationof the p-densityof the highesttwo occupied
molecularorbitals and the lowest two unoccupiedmolecularorbitals of porphine.
Shown are the topsof the � basisfunctionsthat composethe orbitals, filled circles
representingnegative phase,opencirclesrepresentingpositive phase.Symmetryla-
belsaregivenfor eachorbital in theD2handD4h symmetries.
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a (b1u) b (au)

c (b3g) d (b2g)

y y

x x

Figure6.3: Schematicrepresentationof transitionsbetweenidealized,degeneratefour
orbitals.

approximate.The pureFOESremainan excellentapproximationto the real excited
statesthatwould beobtainedby allowing thesingleexcitationsin equation6.3 to mix
arbitrarilyby comparingour calculatedexcitationenergiesto experimentalspectra.

6.3 The Multi-Configurational Natureof FOES

Wave functionswhoseenergy expressioncanbewritten in theform of equation2.105
canform all of the termsrequiredto calculatetheenergy andto optimizetheorbitals
from Y ,

�
, and � operators.Thus,ratherthana completetransformationof the two-

electronintegrals only the partial transformationto compute
�

and � operatorsis
required. This reducesthe formal scalingof the problemfrom ������ö���?� to ����� ����� ,
where� ��� is thenumberof basisfunctions(cf. discussionsin Chapters1 and2).

Unfortunately, morecomplex wave functionsdo requirea full transformationof
thetwo electronintegrals. Thefour-orbital statesdescribedin equation6.3 aremulti-
configurational.For example,considerthefour-orbital


*K
state:)NMPO � �Ù � ÝÝ Ò ò â D & Ô � º � � » g E g » � EÁ» � �
º ¥ E ¥ º �O�#Q (6.3)

Theenergy of thiswave functionis givenby+ M O � .=R�r#� 03  � � YI A E ���  © -b�  © � E � � YdP~P E � � Y§��� E �� YduOu E �� Yd"%" (6.4)E � � P © - � � � P © E � � � © - � � � � © E � u © - �� � u © E � " © - �� � " ©E �� � P~P E �� � �� E ��� P~� -b� Pq� E �� � P~u E �� � P~u E � P~" - �� � P~"E � ��u - �� � ��u E �� � ��" E �� � ��" E � ��º ¥ f » g � - ��º » f ¥ g �
where ª signifiesacoreorbital. Mostof thetermsin equation6.5aresimple Y ,

�
, and
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� matrixelements,but theterms��º ¥ f » g � � h c iP � � � c u � � � c i� � � � c " � � �D 6 � g � D � g � D 6 (6.5)

and ��º ¥ f » g � � h c iP � � � c i� � � � c�u'� � � c�"�� � �D 6 � g � D � g � D 6 (6.6)

cannotbeformedfrom matrixelementsof Y ,
�

, or � operators.
Thesituationis madeevenmoredifficult whentheorbital optimizationequations

areconsidered.Recallingthe proceduredescribedin Chapter2, given a setof trial
orbitals Ò'cdÕ N5" Ô , theoptimalsetof orbitals Ò'c . MOÓ Ô areobtainedvia thetransformation� c . MOÓ � �,Ö~×�Ø � Æ � � c Õ NA" � (6.7)

where � c . MOÓ � and � cdÕ NA" � arethe matriceswhosecolumnsarethe orbitals c . M;Ó andcdÕ N5" , respectively.
Æ

is theanti-symmetricmatrixwith zerodiagonaldefinedbyÆ �_Ë Ì <jÍÏÎK ÍÏÎ- <jÍTÎK ÍTÎ ÌÑÐ (6.8)

where R  JH containstermsof first-orderin orbital mixing, and V  TH containstermsof
second-orderin orbital mixing.

For generalHF or GVB wave functionsof the form of equation2.101,all of theR  TH and V  TH termsareformedfrom the
�

and � operators.Theenergy expressionsfor
the wave functionswhich describethe FOEScontaintermsof the typesin equations
6.5 and6.6 that cannotbe constructedfrom

�
and � operators.Consequently, the

orbitalmixing termsRÈ TH and VÇ TH containtermswhichcannotbecomputedfrom
�

and� operators,andafull transformationof thetwo-electronintegralsis neededto update
theorbitalsandform theenergy expression.

Becauseof thesizeof porphyrinmolecules,therequiredintegral transformationis
impossible. Consequently, methodsmustbe determinedwhich cancalculatethe ex-
cited stateswithout requiringa transformationof the two-electronintegrals. Section
6.4describesa methodwhich transformsonly a smallsubsetof thetwo-electroninte-
grals,thusreducingtheproblemto oneof manageablesize,andSection6.6describes
a methodwheretheorbitalsarenot transformedat all, but whereadditionaltermsare
calculatedusingthepseudospectralprogramfor theorbitaloptimizationequationsand
theenergy expression.

6.4 The Frozen Core Four Orbital Excited State
Method

Onemethodof makingab initio calculationsonporphyrinexcitedstatestractableis the
frozencoreapproximation.Theelectronicenergy in equation2.105maybeexpressed
asasumof orbital energies +k�@.7r�s
s3  +  (6.9)
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where +  � ¹  Y  A E .7r�s�s3 H ��º  JH �  JH EÁ»  TH �  JH � (6.10)

The ± and � orbitalsin planarmoleculesareof differentsymmetrytypesanddo not
mix with eachother. We canthereforerewrite +  as+  � ¹  YI A E ®3 H ��º� TH �  TH EÁ»  TH �  TH � ETS3 H �
º� JH �  TH E/»  JH �  TH � (6.11)

Taking U ® � E ®3 H ��º� TH �  TH E/»  TH �  TH � (6.12)

allowsusto rewrite +  as+  � ¹  Y  5 E U ® E S3 H ��º  TH �  TH E/»  TH �  TH � (6.13)

Thefrozencoreapproximationassumesthat

U ®
remainsconstantwhile the � -orbitals

areoptimizing,beingexcited,andsoon. This assumptionallows usto performa cal-
culationonly in the � -spaceof themolecule,which is muchsmallerthanthefull ± E �
space.In thecaseof porphinethe ± E � spacecontains430basisfunctionsand81oc-
cupiedorbitalswhereasthe � spacecontainsonly 110basisfunctionsand13occupied
orbitals.The � spaceis smallenoughto allow afull transformationof thetwo-electron
integrals,which allows standardmethodssuchasConfigurationInteractions(CI) and
Multi-ConfigurationalSCF(MC-SCF)to beusedto describetheexcitedstates.

In practice,theFC-FOESmethodusesPS-GVB[16] to calculatethe

U ®
term. As

outlined in Chapters2–4, the combinationof a grid andbasisfunctionsfor integral
evaluationenablesPS-GVBto handlecalculationswith very largebasissets.Porphine
has24 heavy atomsand14 hydrogens,andrequires430basisfunctionsusingthe 6-
31G** basisset. PS-GVB makes possiblecalculationsof this size even on simple
laboratoryworkstations.The

U ®
term is evaluatedvia equation6.12andoutputover

thebasissetof 110 � basisfunctions.
UsingtheMQM programsuite,thetwo-electronintegralsareconstructedin amod-

ified 6-31G** basisthat containsonly � basisfunctions,and

U ®
is addedto theone-

electronintegrals. The � spaceis only 110 basisfunctions,small enoughto allow
a full transformationof the two-electronintegrals. After the integral transformation,
MC-SCFcalculationsareperformedto optimize the FOESin the four orbital active
spaceusingtheMQM programGVBTHREE.TheseFC-FOESapproximationssubse-
quentlycanbecorrectedby performinga single-excitationCI (CI-S) calculation.The
FC-FOES-CIcalculationallows theexcitedstatesto relaxfrom theFOESstructure.

Thefrozencoreapproximationthusdescribedcanbreakdown in two ways.First,if
themoleculeis notplanarthe ± and � spacesareno longerorthogonalandcanmix. In
sucha case

U ®
is no longerconstantandcannotbeincludedasa parameter. Secondly,
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excitationsor otherperturbationsof the � orbitalscancausethes coreto relax,which
againcauses

U ®
to change.

In thepresentwork weusethefrozencoreapproximationin two applications.First,
we calculate

U ®
from a HF groundstate.The

U ®
potentialcanbeincludedin a � only

calculationof the porphyrinexcited states.The relaxationof the ± corethat occurs
whenthe � orbitalsareexcited is not included,which leadsto errorsin the calcula-
tion. Later, in Section6.10, the SC-FOEScalculationsareusedto obtain improved
U ®

. In this casethe ± corealreadyhasadjustedto theexcited � orbitals,andour re-
sultsaremuchmoreaccurate.Suchacalculationis valuablebecauseit allowstheCI-S
calculationto estimatetheerrorintroducedby theFOESassumptionin theSC-FOES.

6.5 Resultsof FC-FOESPorphine Calculations

This sectionreportsthe resultsof FC-FOESand FC-FOES-CIcalculationson por-
phine,wherethe

U ®
termis calculatedfrom groundstatecalculationsporphinecalcu-

lations. In FC-FOEScalculations,

U ®
is calculatedwith thePS-GVBprogram,andis

incorporatedinto the MQM programsuite,whereHF andMC-SCFcalculationsare
performed.The active spacein our MC-SCFcalculationsis confinedto the four or-
bitals; excitationsamongstthe four orbitalsareallowed to mix in arbitraryamounts.
Table 6.1 reportsthe accuracy of the

U ®
potential. For a groundstatecalculation,

virtually the sameorbital energiesareobtainedwith a frozencoreaswith an active
core. The error reportedin the last columnis no higher than0.03eV—which is the
sameorderof magnitudeof error that thenumericalgrid itself introducesto PS-GVB
calculations.This indicatesthat, for groundstatecalculations,no additionalerror is
introducedwhenthe

U ®
termis introducedto theenergy.

In thesecalculationstheporphinegeometryis takenfrom thecrystalstructuregiven
in reference[46]. Slight modificationsto this geometryaremadesothat theporphine
moleculehasoverall

° � Â symmetry.
Table6.2 reportsthe accuracy of FC-FOESandFC-FOES-CIcalculations,again

usinga

U ®
derivedfrom a groundstatewave function.Thefirst four columnsof Table

6.2 comparethe FC-FOESenergiesto experimentalnumbers.The FC-FOESresults
agreewith experimentalresultsto within 1.29to 1.78eV for theSoretandvisibleband
of porphine.This error—roughly1.5 eV—comesfrom threesources.Thefirst comes
from the four orbital approximationitself, limiting the excited statesto the form of
equation6.3. The secondcomesfrom freezingthe electronsrepresentedby the

U ®
potentialin the samestatesthat they occupiedin the groundstatecalculations. Al-
thoughthe ± and � orbitalsdo not mix in planarmolecules,the � electrondensity
changeswhen the electronin the four orbitalsgo from their groundto their excited
configurations.Consequently, the ± electrondensitywould normallyreadjust,but be-
ing representedby a potentialratherthan explicit active electrons,it cannot,which
introducesanothersourceof error. Section6.6presentsa methodof correctingfor the± relaxationupon � excitation.

With thefrozencorecalculationsit ispossibleto correctfor theerrorsintroducedby
theFOESstructure.By following theFC-FOEScalculationswith a single-excitation
CI (CI-S)calculationevengreateraccuracy maybeobtained.Thefinal two columnsof
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Table 6.1: Comparisonof groundstatefrozen core and active core orbital energies
for porphine. Active core energies calculatedusing PS-GVB, frozen core energies
calculatedusingGVB2P5and

U ®
from PS-GVBactive corecalculation.Seetext for

otherdetails.

Symmetry ActiveCore(h) FrozenCore(h) Error (h) Error (eV)
1
» � � -0.539384 -0.539370 -0.000014 -0.000381

2
» � � -0.375437 -0.375329 -0.000108 -0.002939

3
» � � -0.324257 -0.324189 -0.000068 -0.001850

1
» � � -0.582523 -0.582513 -0.000010 -0.000272

2
» � � -0.374731 -0.374622 -0.000109 -0.002966

3
» � � -0.366131 -0.366372 0.000241 0.006558

1 º å -0.437340 -0.437228 -0.000112 -0.003048
2 º å -0.219526 -0.219372 -0.000154 -0.004190
1
» 6Bå -0.589291 -0.589152 -0.000139 -0.003782

2
» 6Bå -0.522173 -0.522011 -0.000162 -0.004408

3
» 6Bå -0.377294 -0.377387 0.000093 0.002531

4
» 6Bå -0.333696 -0.333601 -0.000095 -0.002585

5
» 6Bå -0.238392 -0.238227 -0.000165 -0.004490

Table6.2: Comparisonof theoreticalandexperimentalporphineexcitedstateenergies
usinggroundstate

U ®
. FC-FOESandFC-FOES-CIresultsarereported.All energies

in eV.

State Experiment
µ

FC-FOES Error FC-FOES-CI Error
*L
2.03 3.45 1.42 2.26 0.23
 K
2.46 3.71 1.25 2.75 0.29V L
3.33 5.07 1.74 4.01 0.68V K
3.33 5.11 1.78 4.37 1.04µ

Reference[47, 48]
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Table6.2reporttheimprovementof theseFC-FOEScalculationswhenaCI calculation
is performedat thesingleexcitationlevel in the110orbital � -space—theFC-FOES-CI
method.Thesingleexcitationsimprove the agreementwith experimentto from 0.29
to 1.04eV. We thereforeestimatethat theFOESstructureintroducesroughly1 eV of
errorto theporphyrinexcitedstateenergies,andthattheremaining 0.5eV of errorin
theFC-FOES-CIcalculationsis dueto thelackof ± relaxationin this model.

Later, Section6.10againusesfrozen ± cores,but there

U ®
is derivedfrom theex-

citedstatecalculations.Thesecalculationsshouldcombinethestrengthsof thefrozen
corecalculationswith a potentialthathasalreadyrelaxedto theexcited � electrons.

6.6 Self-ConsistentOrbital Optimization in FOES

TheFC-FOESandFC-FOES-CImethodsshow excellentagreementwith experimental
results.In aneffort to obtainbetteragreementwith experiment,this sectiondescribes
a methodthatdescribesall ± and � electronsself-consistently. Sucha descriptionof
theporphyrinexcitedstatesis madepossibleby assumingthattheexcitedstatesareof
theform of equation6.3with equalcomponentsof thetwo excitationsin eachexcited
state.

TheSC-FOESmethodis themethodthatsolvesfor theFOES,by calculatingthe
energy andthe optimumorbitalsof the excited stateself-consistentlyandwithout an
integral transformation.TheSC-FOESmethodaccomplishesthis by analyticallycal-
culatingthe orbital optimizationequationsfor eachof the FOES.The equationsthat
resultareexpressedin termsnot only of Y ,

�
, and � operators(asis thecasefor sim-

pler energy expressionsof the form of equation2.101),but alsogeneraltwo electron
integralsthat cannotbe expressedasmatrix elementsof Y ,

�
or � . Thesetermsare

normallycalculatedby a full transformationof thetwo-electronintegrals,but, aspor-
phineis toobig to allow afull integral transformationwithoutresortingto eitherapoor
basissetor a frozencoredescription,adifferentmethodof obtainingthesetermsmust
befound.SC-FOESusesPS-GVBis usedto calculateall of thetermsrequiredfor the
orbital optimizationandtheenergy expressionsandto usethesetermsto optimizethe
orbitalsfor eachstateself-consistently. SC-FOESusesthe standardPS-GVBproce-
dureof calculatingthe Y ,

�
, and � operatorsrequiredin the optimizationequations,

andexplicitly calculatestheadditionalgeneraltwo electronintegralsrequired.
Theenergiesof thewave functionsfor thefour statesaregivenby+ M O � K O � .=R�r#� 03  � � Y  A E ���  © -b�  © � E � � Y P~P E � � Y ��� E �� Y uOu E �� Y "%" (6.14)E � � P © - � � � P © E � � � © - � � � � © E � u © - �� � u © E � " © - �� � " ©E �� � P~P E �� � �� E ��� P~� -b� Pq� E �� � P~u E �� � P~u E � P~" - �� � P~"E � ��u - �� � ��u E �� � ��" E �� � ��"WV � ��º ¥ f » g �8X ��º » f ¥ g �

wherethe

*K

statecomesfrom the top partof the V or X operatorsandthe V K
state
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comesfrom thebottompart,and+ K8Y � M Y � .=R�r � 03  � � YI A E ���  © -b�  © � E � � Y§P~P E � � Y§��� E �� Y§uOu E �� Yd"%" (6.15)E � � P © - � � � P © E � � � © - � � � � © E � u © - �� � u © E � " © - �� � " ©E �� � P~P E �� � ��� E ��� Pq� -b� P~� E � P~u - �� � P~u E �� � P~" E �� � P~"E �� � ��u E �� � ��u E � ��" - �� � �" V � ��º�g�f » g �PX ��º » f ¥ g �
wherethe V L

statecomesfrom the top partof the V or X operatorsandthe

*L

state
comesfrom thebottompart.

Thereare two methodsof obtainingthe orbital optimizationequationsfrom the
energy expressions6.15and6.16. Thefirst andmostgeneralmethodis thatof Yaffe
andGoddard[6]. Thisis amethodconsistsof writing theenergyexpressionin theform+�Z à � 3  JH ¹  TH Y  TH E 3  TH © N ¥  TH © N ��SGUdf ª\[ � (6.16)

TheYaffe-Goddardmethodobtainsthe R  JH and V  TH termsfor usein the
Æ

matrix in
2.116from thecoefficients

¹  JH and ¥  TH © N .A simplermethodis to takepairwisemixingsof all of theorbitals.Pairwisemixings
of theform cdÄ � c  E^] c HÙ � E^] � (6.17)

and c ÄH � c H - ] c  Ù � E^] � (6.18)

areinsertedinto anenergy expressionsuchasequation6.15or 6.16.By expandingthe
energy expressionin termsof powersof

]
, thetermsthatarefirst-orderin

]
leadto theRÈ TH terms,andthetermsthataresecond-orderin

]
leadto the VÇ TH terms.

For the derivation of the SC-FOESequationspresentedbelow, both the Yaffe-
Goddardmethodand the pairwisemixing methodwere applied,and both yield the
samesetof equations.

TheFOESwave functionshave threetypesof orbitals: core, thedoublyoccupied
orbitals; active, the fractionally occupiedFour Orbitals; andvirtual, the unoccupied
orbitals. This sectioncategorizesthe equationsascore-active mixings, active-active
mixings,andactive-virtualmixings.

In this section,the label ª will signify a coreorbital, labels º , » , ¥ , and g signify
the active orbitals, and the label

�
will signify a virtual orbital. We also definethe

following modifiedFock operators,which areusefulin simplifying theequations� © � � Y E E � © - � � © E � � P - � � P E � � � - � � � (6.19)E ��� u -b� u E ��� " -�� "� P � ��Y E � � © - � � © E�� � P - � � P E�� � � - � � � (6.20)
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E � u E � u E ��� " -�� "� � � ��Y E � � © - � � © E�� � P - � � P E�� � � - � � � (6.21)E ��� u -b� u E � " E � " (6.22)� u � Y E ��� © -�� © E � P E � P E ��� � -b� � (6.23)� " � Y E ��� © -�� © E ��� P -�� P E � � E � � { (6.24)

Thereis an appealingsimilarity betweenthe modifiedFock operators,as described
above,andthenormalFockoperatorsfrom standardHartree-Focktheory, whichis why
the nameis retainedeven thoughthe derivative of an orbital’s energy with respectto
mixing with otherorbitalsalsodependsuponinhomogeneousterms,asshown below.
All of the operatorsrequiredto optimizethe orbitalsandcalculatethe energy of the
wavefunctionscanbeconstructedfrom thematrixelementsY L K ,

� ©L K
, � ©L K ,

� PL K , �*PL K ,� �L K , �b�L K ,
� uL K , �*uL K ,

� "L K , �b"L K , ��º » f ùIú � , ��º ¥ f ùIú � , �
º�gdf ùIú � , � » ¥ f ùIú � , and � » gdf ùIú � , whereù and ú rangeover all occupiedandvirtual orbitals. We usethePS-GVBprogramto
form theseoperators.

Thefollowing equationsaretheorbital mixing equationsfor the

 K

(thetop com-
binationof the V operators)andthe V K

FOES.The correspondingequationsfor theV L
and


*L
statesareobtainedby switchingthe ¥ and g labelsin theequations.

6.6.1 Core-ActiveMixingR © P � � ª f � © - � P f º � V �
ª » f ¥ g �8X � �
ª ¥ f » g � (6.25)V © P � � ª f � © - � P f ª � - � º�f � © - � P f º � (6.26)X ��º » f ¥ g � V � ��º ¥ f » g �R © � � � ª f � © - � � f » � V �
ª�ºjf ¥ g �PX � �
ª�g�f º ¥ � (6.27)V © � � � ª f � © - � � f ª � - � » f � © - � � f » � (6.28)X ��º » f ¥ g � V � ��º ¥ f » g �R © u � � ª f � © - � u f ¥ � V �
ª�g�f º » �PX � �
ª�ºjf » g � (6.29)V © u � � ª f � © - � u f ª � - � ¥ f � © - � u f ¥ � (6.30)E ��� © u -���� © u X ��º » f ¥ g � V � �
º ¥ f » g �R © " � � ª f � © - � " f g � V �ª ¥ f º » �8X � �
ª » f º ¥ � (6.31)V © " � � ª f � © - � " f ª � - � g�f � © - � " f g � (6.32)E ��� © " -���� © " X �
º » f ¥ g � V � �
º ¥ f » g �
6.6.2 Active-ActiveMixingR�P~� � � ºjf � P - � � f » � V � ¥ f � P - � � P - � � - � � � f g � (6.33)V\P~� � � ºjf � P - � � f º � - � » f � P - � � f » � (6.34)V � �
º » f ¥ g �8X � ��º ¥ f » g �PX � ��º�g�f » g �R�P~u � � ºjf � P - � u f ¥ � V � » f ��� P -�� P - ��� u E � u f g � (6.35)

89



V\P~u � � ºjf � P - � u f º � - � ¥ f � P - � u f ¥ � (6.36)E ��� Pqu -���� P~u V � ��º » f ¥ g � V � �
º�gdf » ¥ �PX E �
º ¥ f » g �R�P~" � � ºjf � P - � " f g � V � » f � P -�� " f ¥ � (6.37)V\P~" � � ºjf � P - � " f º � - � g�f � P - � " f g � (6.38)X � �
º » f ¥ g � V � ��º ¥ f » g �RÇ��u � � » f � � - � u f ¥ � V � ºjf � � -b� u f g � (6.39)V ��u � � » f � � - � u f » � - � ¥ f � � - � u f ¥ � (6.40)- X � ��º » f ¥ g � V � �
º ¥ f » g �R ��" � � » f � � - � " f g � V � ºjf ��� � -�� � - ��� " E � " f ¥ � (6.41)V ��" � � » f � � - � " f » � - � gdf � � - � " f g � (6.42)E ��� ��" -b�?� ��"1V � ��º » f ¥ g � V � ��º�g�f » ¥ �8X E ��º ¥ f » g �RÇuO" � � ¥ f � u - � " f g � V � ºjf � u - � � u - � " E � � " f » � (6.43)V�uO" � � ¥ f � u - � " f ¥ � - � gdf � u - � " f g � (6.44)V � �
º » f ¥ g �8X � ��º ¥ f » g �PX � ��º�g�f » ¥ �
6.6.3 Occupied-Virtual MixingR ©`_ � � ª f � © f � � (6.45)V ©`_ � � ª f � © f ª � - � � f � © f � � (6.46)- � � ©`_ E � � � ©`_RÇP _ � � ºjf � P f � � V � � » g�f ¥ � �PX � »%� f ¥ g � (6.47)V�P _ � � ºjf � P f º � - � � f � P f � � (6.48)- � � P _ X ��º » f ¥ g � V � ��º ¥ f » g �RÇ� _ � � » f � � f � � V � ��º ¥ f g � �PX ��º � f ¥ g � (6.49)V � _ � � » f � � f » � - � � f � � f � � (6.50)- � � � _ X ��º » f ¥ g � V � ��º ¥ f » g �R u _ � � ¥ f � u f � � V � ��º � f » g �8X ��º » f g � � (6.51)V u _ � � ¥ f � u f ¥ � - � � f � u f � � (6.52)X �
º » f ¥ g � V � �
º ¥ f » g �RÇ" _ � � gdf � " f � � V � �
º ¥ f »�� �8X ��º » f ¥ � � (6.53)V�" _ � � gdf � " f g � - � � f � " f � � (6.54)X �
º » f ¥ g � V � �
º ¥ f » g �
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6.7 PS-GVB Calculation of Multi-Configurational Op-
erators for SC-FOES

Thelastsectionliststheoperatorsrequiredfor thefour-orbitalstateorbitaloptimization
and energy calculation. Most of the operators,the onesin standard

�
or � form,

canbe formedusingthe standardPS-GVBprogramasdescribedin Chapter2. The
otheroperators,thoseof theform �GSGU�f ùIú � , where SGU is thepair of active orbitalsin the
set º » w&º ¥ w&º�g§w » ¥ w » g , and ù and ú rangeover all occupiedandvirtual orbitals. These
operatorsarealsoformedusingthe PS-GVBprogram. Replacingthe densitymatrix° ©

in equation3.25with thetwo-orbitaleffectivedensitymatrix Dij givenby°  TH¢�¨ � �� � ¥ ¢� ¥ ¨!H E ¥ ¢�H ¥ ¨q � (6.55)

yields �GSGU�f ¬« � � 3 � 
 ¢ Ë 3 ®�¯ R ®�¯ �ba � °  TH®�¯ Ð L �cadw� � (6.56)

Thematrixelements�GSGU�f ù§ú � canbeformedvia thetransformation�GSGU�f ùIú � � 3 ¢�¨�¥ ¢ L ¥ ¨ K ��SGUdf ¬« � (6.57)

Theprogramformsthedensitymatrices
° ©

,
° P , ° � , ° u , ° " , ° P~� , ° Pqu , ° P~" , ° ��u ,

and
° ��" . With eachdensitymatrix it formstheassociated

�
and � matrices,which it

storeson disk. After all of the two-electronmatriceshave beenformed,the program
optimizestheorbitals,calculatestheenergy, and,if theprogramis notconverged,goes
to thebeginning.Theprocessrepeatsuntil theprogramconverges.

Becauseeachfour-orbitalexcitedstate

*L

,

 K

, V L
, and V K

hasadifferentHamil-
tonian, this sequenceis repeatedfor eachof the four-orbital excited statesfor each
moleculestudied.

6.8 ConvergenceAcceleration in SC-FOES

The V� TH matrix describedin equation6.6 asthedenominatorof
Æ  TH , therotationma-

trix, is actually just the diagonalelementsof V� TH&� © N , a tensorthat describesthe full
secondderivativeof theelectronicenergy with respectto orbital variations.Whenthe
moleculeis smallenoughto permita full transformationof thetwo-electronintegrals,
quadraticconvergencemay be achieved by forming all elementsof the VÇ TH&� © N tensor
(accordingto theequationsin reference[6]) andsolvingÌ � R © N E Æ  JH�V� TH&� © N (6.58)

For mostequationstheadvantagesobtainedfrom usingthefull V� JH!� © N tensorareneg-
ligible whencomparedto theamountof computationaleffort thatis requiredfor a full
integral transformation,primarily becausethe V� TH&� © N tensoris diagonallydominant.
Consequently, only thediagonalelementsV� JH!�  JH areused,resultingin equation6.6.
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Unfortunately, in caseswherethe VÇ TH matrix aloneis not sufficient to achieve re-
liable convergence,methodsto improved convergencemustbe used. Suchmethods
includescalingdown thesizeof the

Æ
matrix,orbitalaveraging,level shifting,andDi-

rectInversionin theIterativeSubspace(DIIS) [32] convergenceacceleration.Herethe
SC-FOESmethodimplementsa level shifting scheme,primarily for its computational
simplicity. Noting that the curvatureof a function is positive at a local minimum,allV� JH valuesareshiftedby anamountequalto twice themostnegativevalue.Theresult
of sucha shift is that thesmallestvalueof thematrix is now positive by asmuchasit
hadpreviouslybeennegative.

It might be questionedherewhy, if excited statesaresought,arepositive values
of thesecondderivative matrix desired?Excitedstatesaregenerallycharacterizedas
having onenegativeeigenvalue.But becauseof thenatureof theFOESwave function,
eachstateis thegroundstateof its particularHamiltonian,andconsequentlythelowest
stateof thatparticularHamiltonianis sought.

The useof the level shifting allows the rapid convergenceof the wave functions
thatotherwisewould requiremany moreiterations.

6.9 SC-FOESResultsfor Porphine

In this sectionwe presentcalculationson theFOESof porphine.Thegreaterfreedom
of theSC-FOESdescriptionof theelectronicstructureallows thedifferentporphyrins
to bedescribed,andSection6.11reportsfor two reducedporphyrins,chlorinandbac-
teriochlorin. The porphinemoleculeis calculatedusing a 6-31G** basisset. The
porphinegeometryis obtainedfrom a crystalstructuresymmetrizedto

° � Â symme-
try from reference[46], the samegeometryusedin the FC-FOESandFC-FOES-CI
calculationsin Section6.5.

Thefirst partof this sectionpresentstheorbital energiesfor porphineanddemon-
stratesthat even thoughthe energiesof the pairsof orbitals in the Four Orbitalsare
not exactly degenerate,they remainsufficiently closeto degeneracy comparedto the
energy of the orbitalshigherandlower thanthe Four Orbitals. This near-degeneracy
justifiesthestructureof theFOESwavefunctionsusedin thissection.Thesecondpart
of thissectionreportstheactualexcitedstateenergiesusingtheFOESmodel.

6.9.1 Orbital Energies

As wasnotedin Section6.2,becausethefour-orbitalmodelassumesthetwo HOMOs
andthe two LUMOs areeachdegeneratepairsof orbitals,theFOESassumean even
mixing of the singleexcitationsfrom the HOMOs into the LUMOs. In real systems
theseorbitalsarenot degenerate.For metalloporphyrinswith D4h symmetrythe two
LUMOs form a pair of degenerateeg orbitals,but the two HOMOsareno longerde-
generate.For porphyrinsof lowersymmetryneithertheHOMOsnor theLUMOs form
degeneratepairs. This sectionshows thatalthoughthe active orbitalsno longerform
degeneratepairs,they arestill closeenoughin energy to justify theFOESstructure.

Table6.3showstheorbitalenergiesfor porphine.ThecolumnmarkedRVO contain
theenergiesof theregularvirtual orbitalsthatareobtainedfrom theeigenvaluesof the
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Table6.3: RVO andIVO orbitalenergiesin eV for porphinecalculatedusingPS-GVB.
Seetext andFigure6.4for otherdetails.

Orbital RVO Energy IVO Energy
HOMO-2 -8.82 -8.82» 6;å -6.48 -6.48º å -5.98 -5.98» � � 0.36 -1.93» � � 0.50 -1.80
LUMO+2 3.30 0.46

Fockoperator. Thedifficulty with theseorbitalsandtheaccompanyingorbitalenergies
is thatthevirtual orbitalsaregeneratedin thefield generatedby the � electronsin the
core,ratherthanthe field from ��� - � � electronsthat an electronin suchan orbital
would interactwith if theorbital correspondedroughly to anexcitedorbital. Because
of this theenergy of theRVOsis unnaturallyhigh. To correctthis discrepancy theIm-
provedVirtual Orbital (IVO) [49] energiesarealsodisplayedin Table6.3. Theseare
thevirtual orbitalsfrom thecationof themolecule,andcorrespondmuchmoreclosely
to experimentalexcitationenergies. WhereastheRVO energiespredictexcitationen-
ergiesof roughly 6.5 eV, the IVO energiespredictexcitation energiesof roughly 4.0
eV, significantlycloserto thetheoreticalandexperimentalresultspresentedin thenext
section.

Figure6.4representstheRVO andIVO datafrom Table6.3pictorially. It is evident
from this figure thatalthoughthepairsof active orbitalsarenot perfectlydegenerate,
theirenergiesarestill muchcloserto eachotherthanto thatof any othernearbyorbitals,
suggestingthatthestructureof theFOESis still accurate.

TheRVO energiesshown in Figure6.4havethecorrectqualitativeappearance,but
theactualenergiesareunnaturallyhigh,dueto theextraelectronscontainedin thecore.
Theuseof theIVOspresentsa morerealisticpictureof theorbital energies.Although
theenergiescannotbeusedto estimateexcitationenergiesaccurately(via Koopman’s
theorem)becausethey ignore the resonancebetweenthe multiple configurationsin-
volvedin theexcitation,they presenta reasonablyaccuratemodelof theexcitations.

6.9.2 SC-FOESPorphine Calculations

Table6.4describestheresultsof theSC-FOEScalculationsfor porphine.Theexcited
stateenergiesrangefrom 2.73to 4.03eV above the groundstateenergy. The exper-
imental numbers[47, 48] correspondwell with thesenumbers. The last column of
Table6.4 givesthe error in the calculationrelative to the experimentalnumber;this
errorrangesfrom 0.32to 0.76eV.

By comparingthe FC-FOES,FC-FOES-CI,and SC-FOEScalculations,several
conclusionscanbe made. On the average,the FC-FOESmethodmakesan error of
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Figure6.4: Orbitalenergiesandsymmetrylabelsfor porphineIVOsandRVOs.Shown
arethefour activeorbitals,thenext lowestoccupiedorbital,andthenext highestunoc-
cupiedorbital. Orbital energiesin eV.

Table6.4: ExcitedStateEnergiesfor Porphine.Excitedstatescalculatedvia SC-FOES
procedure.Experimentalenergiesasin Table6.2.

State TotalE (h) Excit. E (h) Excit. E (eV) Exp. (eV) Error (eV)
Ground -983.219088 - - - -
*L

-983.118662 0.100426 2.73 2.03 0.70
 K
-983.111192 0.107896 2.94 2.46 0.48V L
-983.071054 0.148034 4.03 3.33 0.70V K
-983.084791 0.134297 3.65 3.33 0.32
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Table6.5: Porphineexcitationenergiesin eV, usinga frozen

U ®
corefrom SC-FOES

calculations.Experimentalenergiesasin Table6.2.Seetext for otherdetails.

ExcitationEnergy
State SC-FOES-CI Experiment Error
*L

2.21 2.03 0.18
dK
2.74 2.46 0.28V L

- 3.33 -V K
- 3.33 -

1.55eV, theFC-FOES-CImethodmakesanerrorof 0.56eV, andtheSC-FOESmethod
makesanerrorof 0.55eV, relative to theexperimentalresults.TheFC-FOESandSC-
FOESmethodsare the mostsimilar of the three. The methodsdiffer in that (i) the
FC-FOESmethodallows the excited configurationsto mix in arbitraryamounts,and
(ii) the SC-FOESmethodallows the ± orbitals to relax in responseto the excited �
orbitals.Table6.3showsthatthepairsof HOMOsandLUMOs areroughlydegenerate
in porphine,sothat thestabilizationgainedby allowing thedifferentconfigurationsto
mix arbitrarily is minimal. Consequently, the1.0eV differencein theaccuracy of the
FC-FOESandSC-FOESmethodscanbetakenastheeffectof ± orbital relaxation.

The FC-FOES-CImethodreproducesexperimentalresultsmore accuratelythan
the FC-FOESmethodby 0.98eV. As Section6.5 noted,this amountis taken as the
magnitudeof theerrorintroducedby limiting theexcitedstatesto theGoutermanFOES
form.

The FC-FOES/FC-FOES-CImethodsare limited becausethey do not include s
relaxation. The SC-FOESmethodis limited becausethe excited statesarerestricted
to the FOESform. Thesemethodscanbe combinedto onewhich hasnoneof these
limitations,asdetailedin thenext section.

6.10 FrozenCoreCorr ectionsto SC-FOES:SC-FOES-
CI

By combiningtheSC-FOESmethodologywith thefrozencoretechniquewe cantake
advantageof thebestaspectsof bothapproaches.Herethe

U ®
potentialsarecalculated

from theconvergedwave functionsfrom theFOES,andperformtheMC-SCFandthe
CI calculationsusinga

U ®
wherethe ± corehasalreadyrelaxed in responseto the �

excitations.Theresultingmethodis calledSC-FOES-CI.
Table6.5detailstheresultof thesecalculations.As thetableshows,by usinga

U ®
wherethe ± corehasrelaxedin responseto theexcited � orbitalsimprovestheaccuracy
of thevisiblebandsby roughly0.05eV, asignificantportionof theerrorin thesestates.
For theSoretbands,wheretheerroris larger, thecalculationsarestill underway, but a
similar improvementis expected.
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bandstheSC-FOES-CImethodshows excellentagreementwith
experimentalresults. Futurestudieswill completethe analysisof porphineexcited
statesby determiningtheSC-FOES-CIexcitationenergiesfor the V L

and V K
bands.

6.11 ReducedPorphyrins

Oneimportantadvantageto theSC-FOESmethodmentionedin earliersectionsis that
the methoddoesnot dependuponsymmetryto make the calculationtractable.As a
consequence,calculationson porphyrinswhich do not have

° � Â symmetryarepos-
siblewith the SC-FOESmethod.Oneimportantporphyrinwhich doesnot have

° � Â
symmetryis chlorin, the porphyrin part of the chlorophyll molecule. The bacterial
analogof chlorin is bacteriochlorin.The SC-FOESenergiesfor thesemoleculesare
presentedin this section.

Thechlorin andbacteriochloringeometriesareobtainedfrom theporphinecrystal
structureby reducingthe relevant doublebondsand minimizing using a molecular
mechanicsprogram;this methodis chosenfor easeof comparisonwith the porphine
calculations.For chlorin andbacteriochlorintheaxisof reductionis perpendicularto
the axis of the protonsin the porphyrin ring; this choicewasmadeto be consistent
with earliercalculations[50] thatshow it to beslightly lower in energy. Figures6.5–
6.6show thestructuresof thesemolecules.

As with porphine,an important issuefor SC-FOEScalculationson chlorin and
bacteriochlorinis whetherthe orbitalsaredegenerateenoughfor the FOESmodelof
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Table6.6: RVO andIVO energiesin eV for chlorin andbacteriochlorin.Seetext and
Figure6.7 for details.

Chlorin Bacteriochlorin
Orbital RVO Energy IVO Energy RVO Energy IVO Energy

HOMO-2 -8.27 -8.27 -8.82 -8.82» 6Bå -6.45 -6.45 -6.26 -6.26º å -5.89 -5.89 -4.92 -4.92» � � 0.40 -2.16 0.18 -1.61» � � 1.34 -1.18 2.48 -0.99
LUMO+2 4.07 1.12 4.77 1.91

Table 6.7: Excited StateEnergies for Chlorin. Excited statescalculatedvia FOES
procedure.

State TotalE (h) Excit. E (h) Excit. E (eV) Exp.
µ

(eV) Error (eV)
Ground -984.350401 - - - -
*L

-984.244819 0.105582 2.87 1.90 0.97
 K
-984.244813 0.105588 2.87 2.28 0.59V L
-984.214517 0.135884 3.70 2.96 0.74V K
-984.215089 0.135312 3.68 3.03 0.65µ

Reference[51]

theexcitedstatesto apply. Table6.6reportstheRVO andIVOorbitalenergiesfor these
two molecules.

Figure6.7 pictorially displaysthe RVO energiesfor chlorin andbacteriochlorin.
Shownarethefour activeorbitals,thenext lowestoccupiedorbital,andthenext highest
unoccupiedorbital. Orbital energiesarepresentedin eV.

As Table6.6andFigure6.7show, theHOMOsandLUMOs arenot asdegenerate
in chlorin andbacteriochlorinasthey arein porphine.Theorbital energiesonly differ
by aneV, andconsequently, theSC-FOESenergiesshouldbeagoodapproximationto
theexcitedstateenergies.

Table 6.7 detailsSC-FOEScalculationsfor chlorin. The excited stateenergies
rangefrom 2.87eV to 3.70eV. Again,experimentalresultsarereported,andtheerrors
relative to theseresultsrangefrom 0.59to 0.97eV.

Table6.8,finally, describesthecalculationsof theFOESenergiesfor bacteriochlo-
rin. Theenergieshererangefrom 2.94to 3.99eV.

Whereasthe averageSC-FOESerror in porphineis 0.55eV relative to theexper-
imentalresults,the averageSC-FOESerror for chlorin is 0.74eV andthat of bacte-
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Figure6.7: Orbitalenergiesandsymmetrylabelsfor chlorinandbacteriochlorinRVOs.

Table6.8: ExcitedStateEnergies for Bacteriochlorin. Excited statescalculatedvia
FOESprocedure.

State TotalE (h) Excit. E (h) Excit. E (eV) Exp.
µ

(eV) Error (eV)
Ground -985.484634 - - - -
*L

-985.376757 0.107877 2.94 1.66 1.28
 K
-985.368262 0.116372 3.17 2.36 0.81V L
-985.351625 0.133009 3.62 3.23 0.39V K
-985.337881 0.146753 3.99 3.47 0.52µ

Reference[51]
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riochlorin is 0.75 eV. Becausethe only additionalsourceof error in the chlorin and
bacteriochlorinresultsis thelackof approximatedegeneracy betweenthetwo HOMOs
andbetweenthetwo LUMOs, thisdiscrepancy is takento bethesourceof theincreased
errorin thechlorinandbacteriochlorinresults.

TheCI correctionsto theSC-FOEScalculationsvia thefrozencoreapproximation
describedfor porphinein the previous sectionarealsopossiblefor the reducedpor-
phyrinsin this section.SuchSC-FOES-CIcalculationsfor reducedporphinsarecur-
rently underway. Thesecalculationswill correcttherestrictionimposedby theFOES
structure,andit is expectedthat the resultsof thesecalculationswill yield the same
accuracy relative to experimentasdid theSC-FOES-CIcalculationson porphine.

6.12 Conclusion

The methodsdescribedin this chaptercanreproduceporphineexcited statesquanti-
tatively. Thesemethodsemploy a variety of techniquesto make the calculationof
porphineexcited statescomputationallytractible. The first of thesetechniquesis the
frozencoreapproximation,which usestheplanarityof theporphinemoleculeto sep-
aratethe ± and � partsof the calculations.This separationenablesa potentialto be
substitutedfor the ± orbitals,anda full MC-SCFandCI calculationsto beperformed
in the � space.Thelimitation to thefrozencoremethodis thatit doesnot describethe
relaxationof the ± orbitalsasthe � orbitalsareexcited.Thesecondmethoddescribed
in this sectionexplicitly calculatesthe resonancewave functionsin the Gouterman
Four Orbital modelfor porphyrinexcitedstates.The limitation to this methodis that
the excited statestructureis restrictedto the form with equalcontributionsfrom the
two excitedconfigurationsin eachstate.Thesetwo techniquescanbecombines,and
thefrozencoreMC-SCFandCI calculationsareperformedusinga frozencorepoten-
tial consistentwith the excited � configuration.This hybrid methodproducesresults
whichagreewith experiementalresultsto within 0.18eV.
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Appendix A

A Techniquefor Evaluating
Hamiltonian Matrix Elements

A.1 Intr oduction

At varioustimesin this thesisit hasbeennecessaryto evaluatematrix elementsof the
form (  JH � � )  &f ( f ) H � (A.1)

where
)  and

) H aretwo wave functionsconsistingof singly or doublyoccupiedspin
orbitals,or linear combinationsof suchwave functions. Among otherplaces,these
termsoccur in evaluatingthe energy of groundandexcited statewave functions,in
calculatingtheresonancebetweendifferentconfigurations,andin calculatingCI matrix
elements.

This appendixwill describea simpletechnique[1] for evaluatingtheseterms.The
techniqueinvolvestransformingthe wave functionsinto spin orbitals,evaluatingthe
matrixelementthere,andtransformingbackto spatialorbitals.

A.2 The Method

A.2.1 Break Into Indi vidual Determinants

Thefirst stepin themethodis to breakthematrix elementdown into matrix elements
betweensingledeterminantsor configurations.TheGVB wave functionwith onecor-
relatedpair [3] ) à Û K 6 � �	� c � ©�� ¥ ��c �� E ¥ å�c �å � m=n«m=n � (A.2)� f ªXªj� ¥ �ea�a E ¥ å�fgf �B�� f ¥ ��ªXª�a�a E ¥ å�ªXª\fgf �
hasenergy givenby+ à Û K 6 � � ¥ ��ªXª�a�a E ¥ å�ªXª\fgf}f ( f ¥ ��ªXª�a�a E ¥ å�ªIªhfgf � { (A.3)
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EquationA.3 is thenseparatedinto a linearcombinationof matrix elementsbetween
individualdeterminants+ à Û K 6 � ¥ �� � ªXª�a�ajf ( f ªXª�a�a � E ¥ �å � ªXªhfif}f ( f ªXªhfif � (A.4)E � ¥ � ¥ å � ªXª�a�a f ( f ªXªhfif �
A.2.2 Transform to Spin Orbitals

Thenext stepis to transformfrom spatialorbitalsto spinorbitals.For thewavefunction
in equationA.3, thespinorbitalsare:c © m ã a 6 (A.5)c © n ã a �c � m ã a �c � n ã a �c å m ã a öcdå?n ã akj
This transformstheenergy expressioninto+ à Û K 6 � ¥ �� � � � � � f ( f � � � � � E ¥ �å � � � D � f ( f � � D � � E � ¥ � ¥ å � � � � � f ( f � � D � � (A.6)

It is oftenusefulto write spinorbital indicesusingArabicnumerals,andspatialorbital
indicesusinglettersto avoid confusion.

A.2.3 Order and ClassifyDeterminants

The next step is to order the determinantsin eachmatrix elementso that they are
in the order of maximumcoincidence. Thereshouldbe threetypesof determinant
relationships:identicaldeterminants,determinantsthatdiffer by onespinorbital, and
determinantsthatdiffer by two spinorbitals. BecausetheelectronicHamiltonianhas
only oneand two electronoperators,a matrix elementcontainingdeterminantsthat
differ by morethantwo determinantsarezero.

Whenthedeterminantshaveto berearranged,thesignof adeterminantflips when-
ever two of the orbitalsareinterchanged.An exampleof puttinga matrix elementin
theorderof maximumcoincidencefollows.� � � � D f ( f � � � � � � - � � � � D f ( f � � � � � (A.7)� � � � � D f ( f � � � � �� - � � � � D f ( f � � � � �
Thus,this matrix elementis classifiedasonethatdiffersby onespinorbital.
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A.2.4 EvaluateMatrix ElementsbetweenOperators

In thissectiontherulesaregivenfor evaluatingmatrixoperatorsbetweenthetwo types
of operatorsin theHamiltonian �$6 �,.1r�s�s3  54=6 Y=�GS � (A.8)

� � �@.7r�s�s3  GFIH D z 6 JH (A.9)

Identical determinants f � � � f � � � o�oqoB��t&uOu � (A.10)� � f �$6�f � � �,. r�s
s3  YI A (A.11)

� � f � � f � � ��. r�s�s3  TH ��S�S%f U'U � - ��SÚU�f SGU � (A.12)

Determinantsdiffering by onespin orbitalf � � � f � � �^oqoqo;ºÇoqo�o&� t&uOu � (A.13)f l � � f � � � o�oqo » o�oqo&� t&uOu � (A.14)� � f � 6 f l � � Y P~� (A.15)� � f � � f l � � .1r�s�s3  �
º » f S�S � - �
º?S~f » S � (A.16)

Determinantsdiffering by two spin orbitalsf � � � f � � � oqo�oBº » oqo�oB� t!uOu � (A.17)f l � � f � � � oqo�onm³ü oqo�oB� t!uOu � (A.18)� � f �$6�f l � � Ì (A.19)� � f � � f l � � ��º�m�f » ü � - �
º?ü|f » m � (A.20)

A.2.5 Transform Back to Spatial Orbitals

Oncethematrix elementshavebeenevaluated,all thatremainsis to transformbackto
spatialorbitals.Thetwo-electronintegrals �
º » f ¥ g � arezerounlessorbitals º and

»
have

thesamespinand ¥ and g have thesamespin.
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A.2.6 Example: OnePair GVB Energy

TheoneGVB pair wave functionwasalreadygivenin equationA.3, andtransformed
into spinorbitalsin equationA.6:) à Û K 6 � f ¥ ��ªXª�a�a E ¥ å�ªXªhfif � (A.21)� f ¥ � � � � � E ¥ å � � D � �
Theenergy of theGVB wave functionis givenby+ à Û K 6 � � ¥ � � � � � ¥ å � � D � f ( f ¥ � � � � � ¥ å � � D � � (A.22)� ¥ �� � � � � � f ( f � � � � � E ¥ �å � � � D � f ( f � � D � �E � ¥ � ¥ å � � � � � f ( f � � D � �
Usingtherulesfrom theprevioussection,thematrix elementsare:� ªXªha�a f ( f ªXªha�a � � � � � � � f ( f � � � � � (A.23)� Y 6&6 E Y �!� E Y �!� E Y �!� E � 6 � E � 6 � -�� 6 �E � 6;� E � �&� E � � � -�� � � E � � �� � Y ©~© E � Y �!� E � ©~© E � �!� E�� � © � - � � © �� ªXªhfif1f ( f ªXªhfif � � � � � D � f ( f � � D � � (A.24)� Y 6!6 E Y �!� E Y ö!ö E Y j	j E � 6 � E � 6 ö -b� 6 öE � 6 j E � �!ö E � � j -b� � j E � ö j� � Y ©~© E � YIå'å E � ©~© E � å'å E�� � © å - � � © å� ªXª�a�ajf ( f ªXªhfif � � � � � � � f ( f � � D � � (A.25)� �� D f � � �� � �%å
Thetotalenergy of theoneGVB pair wave functionis givenby+ à Û K 6 � � Y ©~© E ¥ �� � � YI��� E � ��� E ��� © � -�� © � � (A.26)E ¥ �å � � Y å'å E � å'å E ��� © å -�� © å �E � ¥ � ¥ å � �%å
A.3 Conclusion

Onecommontaskin electronicstructuretheoryis the evaluationof matrix elements
of theHamiltonianoperatorbetweendifferentdeterminants.Themethodpresentedin
thisappendixmaybeusedto obtainwavefunctionenergyexpressions,resonanceener-
gies,andCI matrixelementsfor avarietyof wavefunctions.Theevaluationmethodis

104



madeeasierby transformingthewave function into spinorbitalsfrom themorecom-
monly usedspatialorbitals, evaluatingthe matrix elements,and transformingback.
Althoughtheextratransformationsintroduceadditionalwork, orbital interchangesand
other manipulationsof the Slaterdeterminantsare much easierusing spin orbitals.
Consequently, themethodis relativelysimple,andpresentsareliablemethodof Hamil-
tonianmatrix elementevaluationwith minimal roomfor error.
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Appendix B

The Self-Consistent
Optimization of Restricted
Configuration Interaction Wave
Functions: Two-Pair,
Closed-ShellSpecialCase

B.1 Intr oduction

As anextensionof themethodsin Chapter5 andAppendixA, this appendixpresents
theequationsfor theself-consistentoptimizationof a two-pair, closed-shellrestricted
configurationinteractionwave function. Theequationsandtechniquespresentedhere
shouldableto be generalizedto a methodwith an arbitrarynumberof RCI pairs,to
provide an accuratemethodof correlatedgroundstatewave functionsthat doesnot
requirea full transformationof the two-electronintegralsandthuscanbe appliedto
largemolecules.

TheGeneralizedValenceBond–PerfectPairing (GVB-PPor GVB) wave function
[3] for asingleGVB pairsis givenby) à Û K � ÝÝ c � © � ¥ ��c �� E ¥ å�c �å � Q (B.1)� ¥ � f ª � a � � E ¥ å f ª � f � �
with theconstraintthat ¥ �� E ¥ �å �k� w (B.2)

andwherethebracketsindicateanantisymmetrizedwave function. As in earliersec-
tions, orbital label ª refersto a coreorbital, andorbital labels a and f refer to the
gerade andungerade naturalorbitals.Theenergy for this wave functionis givenby+ à Û K � ¥ �� � ª � a � f ( f ª � a � � E ¥ �å � ª � f � f ( f ª � f � � E � ¥ � ¥ å � ª � a � f ( f ª � f � � (B.3)
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The ¥ � and ¥ å coefficientsaretheGVB CI coefficients,which aredeterminedby solv-
ing a2x2CI. Section2.6presentstheGVB wave functionin greaterdetail.

The advantageof a GVB wave function over HF wave functionsis that GVB in-
troduceselectroncorrelationthat is not presentin HF wave functions.This way GVB
includeselectroncorrelationsyieldswave functionsthatcanaccuratelyreproducedis-
sociationenergies,vibrationalfrequencies,bondlengths,bondangles,andmany other
physicalpropertiesof moleculeswithout beingsignificantlymoreexpensive thanHF
wave functions. Unlike more completecorrelatedmethodssuchas CI or MC-SCF,
GVB doesnot requirea full transformationof thetwo-electronintegrals(seeSections
2.8 and2.9 for moredetails),andthusGVB wave functionscanbe appliedto much
largerwave functionsthancanCI or MC-SCFwave functions.

CantheapproachGVB-PPusesfor electroncorrelationbeextendedandimproved
uponto yield an even moreaccurateMC-SCF?Canmoreelectroncorrelationbe in-
cludedwhile still not requiring an integral transformation?This appendixpresents
sucha method.Thenext level of correlatedvalencebondwave function is theGVB-
RestrictedConfigurationInteraction(GVB-RCI or RCI) wave function [52], that in-
cludesf a�f � termsrepresentingsingleoccupationof eachof the a and f naturalorbitals
in additionto the f a�a � and f fif � terms:)No ë=ñ � ¥ � f ª � a � � E ¥ å f ª � f � � E ¥ � f ª � � ahf �Ú� (B.4)

with theconstraintthat ¥ �� E ¥ �å E ¥ �� �k� w (B.5)

andwherethebracketsaroundthe � a�f � termrepresentstheparticularspinpairingthat
will be addressedlater. For a singlecorrelatedpair, aswritten above, the cg andcu
coefficientsarechosensuchthatcr is zerowith no lossof accuracy; thewave function
is identicalto theGVB wavefunction.For greaternumbersof pairsthecr termsareno
longernegligible.

Thisappendixwill outlinetheenergyexpressionandorbitaloptimizationequations
requiredfor a self consistentGVB-RCI wave functionwithout a full integral transfor-
mation. Indeed,with appropriaterestrictions,the GVB-RCI wave function is only
minimally morecomputationallyexpensivethantheGVB-PPwave function.

B.2 The GVB-RCI WaveFunction

We first considerwhich termsshouldbe includedin a self consistentRCI wave func-
tion. A wave functioncontainingtwo GVB-RCI pairshastheform) o ë=ñ � f ª � � ¥ �`p	a �6 E ¥ åqp`f � 6 E ¥ ��p � a�6rf 6 �G� (B.6)s � ¥ ��t`a �� E ¥ åIt`f �� E ¥ �Jt � a � f � �G�B�
wherethebracketsaroundthe � ahf � termsagainindicatethatwe will wait until laterto
considertheexactspinpairingof theseterms.Expandingthis expressionyields) o ë=ñ � ) à Û K z à Û K E ) o ë=ñ z o ë«ñ E ) o ë«ñ z à Û K (B.7)
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) à Û K z à Û K � ¥ �rp ¥ ��t?f ª � a �6 a �� � E ¥ �`p ¥ åIt�f ª � a �6 f �� � (B.8)E ¥ åup ¥ ��t�f ª � f � 6 a �� � E ¥ åqp ¥ åIt?f ª � f � 6 f �� �) o ë«ñ z o ë=ñ � ¥ ��p ¥ �Jt�f ª ��� a�6rf 6 � � a � f � �G� (B.9)) o ë=ñ z à Û K � ¥ �rp ¥ �Jt�f ª � a �6 � a � f � �G� E ¥ åqp ¥ �Jt�f ª � f � 6 � a � f � �Ú� (B.10)E ¥ ��p ¥ �	t?f ª ��� a�6rf 6 � a �� � E ¥ ��p ¥ åIt�f ª �?� a�6`fj6 � f �� �
The termsin the wave function marked GVB-GVB are the termsfrom the GVB-PP
wave functionandmustberetained.Themostimportanttermsfrom thosethatremain
arethe onesmarkedRCI-RCI, which representthe effect of oneof the � a�f � termson
the other � a�f � term. Ignoring the termsmarked RCI-GVB is consistentwith the fact
that,aswasexplainedfor a one-paircase,theGVB-CI coefficientsarechosensothat
thereis no interactionbetweenthe f a�f � termof onepair andany of theother f a�a � orf fgf � terms.Therecan,of course,still beinteractionbetweenthe f ahf � termsof different
pairs,and,consequently, the termsmarkedRCI-RCI areretained.Thus,thesimplest
wavefunctionwecanderivethatincludestheeffectof the � ahf � termsincludesonly the
termsmarkedGVB-GVB andRCI-RCI.This wave functionis of theform) o ë=ñ � ¥ �`p ¥ �	t?f ª � a �6 a �� � E ¥ �`p ¥ åIt?f ª � a �6 f �� � (B.11)E ¥ åqp ¥ ��t?f ª � f � 6 a �� � E ¥ åup ¥ åIt?f ª � f � 6 f �� �E ¥ �	p ¥ �Jt�f ª �?� a�6`fj6 � � a � f � �G�
B.3 RCI Spin Coupling

This sectionconsidersthe exact spin couplingsrepresentedby the � a�f � notationin
earliersections.Fouropenshellorbitalscanbecombinedinto asingletin two different
ways: two singletpairsof orbitalspairedasa singletoverall, andtwo pairsof triplet
orbitals,pairedasa singletoverall.

Thesinglet-singletspincouplinghastheform) /	/ � ��wv f ªj�ª�º �ðqD �» � E f ªj�ª�º �D�ð �» � E f ª �ª D �º » �ð � E f ªj�ª ð �º » �D �yx (B.12)

andthetriplet-triplet spincouplinghastheform) 6!6 � �Ù � � � � f ª �ª D �º ð � » � E � f ª �ª�º �D » �ð � - f ª �ª�º �ð�D � » � (B.13)E f ª �ª�º �D�ð � » � E f ª �ª D �º » �ð � - f ª �ª ð �º » �D �&�
Combiningthesetwo spin couplingswith the GVB-PP spin-couplingyields the

RCI wave functionof theform) o ë=ñ � ò � )�ì ì E ò / ) /�/ E ò 6 ) 6!6 (B.14)

with YPP the two-pair GVB-PPwave function from equationB.2. Expanding
)No ë«ñ

gives ) o ë«ñ � ò ��� ¥ P ¥ ��f ª �ªXº �º » �» � E ¥ P ¥ ï f ª �ª�º �º ð �ð � (B.15)
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E ¥ � ¥ ��f ª �ª D �D » � » � E ¥ � ¥ ï f ª �ª D �D�ð �ð �B�E ò /� �&f ª �ª�º �ð�D � » � E f ª �ªXº �D�ð �» �E f ª �ª D �º » �ð � E f ª �ª ð �º » �D �&�E ò 6Ù � � � � f ª �ª D �º ð �» � E � f ª �ª�º �D » �ð �- f ª �ª�º �ð�D � » � E f ª �ª�º �D�ð �» �E f ª �ª D �º » �ð � - f ª �ª ð �º » �D �&�
B.4 Determinants in the GVB-RCI WaveFunction

For theGVB-RCI wave functionoptimizationandenergy calculation,we mustcalcu-
latecouplingbetweenthefollowing determinants:f g � � � f ª �ª�º �º » � » � (B.16)f g � � � f ª �ª�º �º ð �ð �f g�� � � f ª �ª D �D » �» �f g � � � f ª �ª D �D?ð �ð �f g D � � f ª �ª�º �ð�D � » �f g � � � f ª �ª�º �D�ð �» �f g H � � f ª �ª D �º » �ð �f g E � � f ª �ª ð �º » �D �f g � � � f ª �ª D �º ð � » �f g � Ì � � f ª �ª�º �D » �ð �
givencoreorbital ª , a -typenaturalorbitals º and

»
, and f -typenaturalorbitals D andð . Usingthesedeterminants,we mayrewrite the

) o ë«ñ)No ë=ñ � ò � � ¥ P ¥ � f g � � E ¥ P ¥ ï f g � � E ¥ � ¥ E/» f g�� � E ¥ � ¥ ï f g � �B� (B.17)E ò /� �!f g D � E f g � � E f g H � E f g E �&�E ò 6Ù � � � � f g � � E � f g � Ì � - f g D � E f g � � E f g H � - f g E �B�
or, groupingtermsof thesamedeterminanttogether,)No ë«ñ � f g � � � ò � ¥ P ¥ � � E f g � � � ò � ¥ P ¥ ï � E f g�� � � ò � ¥ � ¥ � � (B.18)E f g � � � ò � ¥ � ¥ ï � E f g D � � ò /� - ò 6Ù � � � E f g � � � ò /� E ò 6Ù � � �E f g H � � ò /� E ò 6Ù � � � E f g E � � ò /� - ò 6Ù � � � E f g � � � ò 6Ù � � E f g � Ì � � ò 6Ù � �
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B.5 Matrix Elements Between Determinants in the
GVB-RCI WaveFunction

Thematrix elementsbetweenthesedeterminantsaregivenbelow. They areevaluated
by transformingto spinorbitals,evaluatingthedeterminantthereusingthe technique
discussedin Appendix A, and transformingthe result back to spatialorbitals. This
techniqueyieldsfor thematrix elements:( 6&6 � � g � f ( f g � � (B.19)� � Y ©~© E � Y PqP E � Y ��� E � ©~© E � P~P E � ���EÇ� � © P - � � © P E ��� © � - � � © � E�� � P~� - � � P~�( 6 � � � � ï (B.20)( 6 � � � P%� (B.21)( 6O� � Ì (B.22)( 6 ö � ��º ð f » D � (B.23)( 6 j � ��º D f » ð � (B.24)( 6Jz � ��º D f » ð � (B.25)( 6J{ � ��º ð f » D � (B.26)( 6 C � ��º D f » ð � - �
º ð f » D � (B.27)( 6%� 6n/ � ��º D f » ð � - �
º ð f » D � (B.28)( �&� � � Y ©~© E � Y PqP E � Y ï;ï E � ©~© E � P~P E � ï;ï (B.29)EÇ� � © P - � � © P E/� � © ï - � � © ï E�� � P ï - � � P ï( �&� � Ì (B.30)( � � � � P%� (B.31)( �&ö � - ��º » f D�ð � (B.32)( � j � ��º D f » ð � - �
º » f D�ð � (B.33)( � z � ��º D f » ð � - �
º » f D�ð � (B.34)( � { � - ��º » f D�ð � (B.35)( � C � ��º D f » ð � (B.36)( � � 6n/ � ��º D f » ð � (B.37)( �&� � � Y ©~© E � Y �!� E � Y ��� E � ©q© E � �!� E � ��� (B.38)EÇ� � © � - � � © � E�� � © � - � � © � E�� � �
� - � � �
�( � � � � � ï (B.39)( �&ö � - ��º » f D�ð � (B.40)( � j � ��º D f » ð � - �
º » f D�ð � (B.41)( � z � ��º D f » ð � - �
º » f D�ð � (B.42)( � { � - ��º » f D�ð � (B.43)( � C � ��º D f » ð � (B.44)
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( � � 6n/ � ��º D f » ð � (B.45)( �&� � � Y ©~© E � YI�!� E � Y ïBï E � ©~© E � �!� E � ï;ï (B.46)EÇ� � © � - � � © � E�� � © ï - � � © ï E�� � � ï - � � � ï( � ö � ��º ð f » D � (B.47)( � j � ��º D f » ð � (B.48)( �	z � ��º D f » ð � (B.49)( �	{ � ��º ð f » D � (B.50)( � C � ��º D f » ð � - �
º ð f » D � (B.51)( ��� 6n/ � ��º D f » ð � - �
º ð f » D � (B.52)( ö&ö � � Y ©~© E Y P~P E Y ��� E Y �!� E Y ï;ï E Y ©q© E � ©q© (B.53)E ��� © P -�� © P E ��� © � -b� © � E ��� © � -b� © �E ��� © ï -�� © ï E � P~� E � P~� -b� P~�E � P ï E � �
� E � � ï -�� � ï E � � ï( ö j � � � ï (B.54)( ö z � � P~� (B.55)( ö { � Ì (B.56)( ö C � -^� P ï (B.57)( ö � 6n/ � -^� �� (B.58)(
j�j � � Y ©~© E Y P~P E Y ��� E Y �!� E Y ï;ï E Y ©q© E � ©q© (B.59)E ��� © P -�� © P E ��� © � -b� © � E ��� © � -b� © � E ��� © ï -�� © ïE � P~� E � P%� E � P ï -�� P ï E � �� -b� �� E � � ï E � � ï(
j z � Ì (B.60)(
j { � � P~� (B.61)(
j C � � P%� (B.62)(

j � 6n/ � � � ï (B.63)( z�z � � Y ©~© E YdP~P E Y§��� E YI�!� E Y ï;ï E Y ©q© E � ©q© (B.64)E ��� © P -�� © P E ��� © � -b� © � E ��� © � -b� © � E ��� © ï -�� © ïE � P~� E � P%� E � P ï -�� P ï E � �� -b� �� E � � ï E � � ï( z�{ � � � ï (B.65)( z C � � � ï (B.66)( zq� 6n/ � � P%� (B.67)( {�{ � � Y ©~© E Y P~P E Y ��� E Y �!� E Y ï;ï E Y ©q© E � ©q© (B.68)E ��� © P -�� © P E ��� © � -b� © � E ��� © � -b� © � E ��� © ï -�� © ïE � P~� E � P%� -�� P%� E � P ï E � �� E � � ï -�� � ï E � � ï( { C � -^� �� (B.69)( {q� 6n/ � -^� P ï (B.70)( C�C � � Y ©~© E YdP~P E Y§��� E YI�!� E Y ï;ï E Y ©q© E � ©q© (B.71)
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E ��� © P -�� © P E ��� © � -b� © � E ��� © � -b� © � E ��� © ï -�� © ïE � P~� -�� P~� E � P~� E � P ï E � �� E � � ï E � � ï -b� � ï( C � 6n/ � Ì (B.72)( 6J/�� 6n/ � � Y ©~© E YdP~P E Y§��� E YI�!� E Y ï;ï E Y ©q© E � ©q© (B.73)E ��� © P -�� © P E ��� © � -b� © � E ��� © � -b� © � E ��� © ï -�� © ïE � P~� -�� P~� E � P~� E � P ï E � �� E � � ï E � � ï -b� � ï
B.6 The GVB-RCI Energy Expression

Using thematrix elementsdefinedin the previoussection,the energy of the two-pair
closed-shellRCI wave functionmaybedefinedas+ o ë«ñ � ò �� ¥ � P ¥ �� ( 6!6 E � ò �� ¥ � P ¥ � ¥ ï ( 6 � (B.74)E � ò �� ¥ P ¥ � � ¥ � ( 6 � E � ò �� ¥ P ¥ � ¥ � ¥ ï ( 6O�E ò � ¥ P ¥ � � ò / - ò 6Ù � � ( 6 ö E ò � ¥ P ¥ � � ò / E ò 6Ù � � ( 6 jE ò � ¥ P ¥ � � ò / E ò 6Ù � � ( 6Jz E ò � ¥ P ¥ � � ò / - ò 6Ù � � ( 6y{E �Ù � ò 6 ò � ¥ P ¥ � ( 6 C E �Ù � ò 6 ò � ¥ P ¥ � ( 6�� 6J/E ò �� ¥ � P ¥ � ï ( �&� E � ò �� ¥ P ¥ � ¥ � ¥ ï ( �&� E � ò �� ¥ P ¥ � ¥ � ï ( � �E ò � ¥ P ¥ ï � ò / - ò 6Ù � � ( �!ö E ò � ¥ P ¥ ï � ò / E ò 6Ù � � ( � jE ò � ¥ P ¥ ï � ò / E ò 6Ù � � ( � z E ò � ¥ P ¥ ï � ò / - ò 6Ù � � ( � {E �Ù � ò 6 ò � ¥ P ¥ ï ( � C E �Ù � ò 6 ò � ¥ P ¥ ï ( � � 6J/E ò �� ¥ � � ¥ �� ( �!� E � ò �� ¥ � ¥ �� ¥ ï ( � �E ò � ¥ � ¥ � � ò / - ò 6Ù � � ( �!ö E ò � ¥ � ¥ � � ò / E ò 6Ù � � ( � jE ò � ¥ � ¥ � � ò / E ò 6Ù � � ( � z E ò � ¥ � ¥ � � ò / - ò 6Ù � � ( � {E �Ù � ò 6 ò � ¥ � ¥ � ( � C E �Ù � ò 6 ò � ¥ � ¥ � ( � � 6J/E ò �� ¥ �� ¥ � ï ( �!�E ò � ¥ � ¥ ï � ò / - ò 6Ù � � ( � ö E ò � ¥ � ¥ ï � ò / E ò 6Ù � � ( � jE ò � ¥ � ¥ ï � ò / E ò 6Ù � � ( �	z E ò � ¥ � ¥ ï � ò / - ò 6Ù � � ( �	{
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E �Ù � ò 6 ò � ¥ � ¥ ï ( � C E �Ù � ò 6 ò � ¥ � ¥ ï ( ��� 6J/E �� � ò �/ - � ò / ò 6Ù � E ò �6� � ( ö!ö E �� � ò �/ - ò �6� � ( ö jE �� � ò �/ - ò �6� � ( ö z E �� � ò �/ - � ò / ò 6Ù � E ò �6� � ( ö {E � ò / ò 6Ù � - ò �6� � ( ö C E � ò / ò 6Ù � - ò �6� � ( ö � 6J/E �� � ò �/ - � ò / ò 6Ù � E ò �6� � ( j	j E �� � ò �/ E ò �6� � ( j zE �� � ò �/ - ò �6� � ( j { E � ò / ò 6Ù � E ò �6� � ( j CE � ò / ò 6Ù � E ò �6� � ( j � 6J/ E �� � ò �/ E � ò / ò 6Ù � E ò �6� � ( z	zE �� � ò �/ - ò �6� � ( z	{ E � ò / ò 6Ù � E ò �6� � ( z CE � ò / ò 6Ù � E ò �6� � ( z~� 6J/ E �� � ò �/ - � ò / ò 6Ù � E ò �6� � ( {	{E � ò / ò 6Ù � - ò �6� � ( { C E � ò / ò 6Ù � - ò �6� � ( {~� 6J/E ò �6� ( C	C E ¹ D º ¥ � ò �6 � ( C � 6n/ E ò �6� ( 6J/q� 6J/
Insertingdefinitionsfor thematrixelementsandsimplifying gives+ o ë=ñ � Y ©~© � � ò �� E � ò �/ E � ò �6 � E Y P~P � � ò �� ¥ � P E � ò �/ E � ò �6 � (B.75)E Yd���q� � ò �� ¥ � � E � ò �/ E � ò �6 � E Y§�&��� � ò �� ¥ �� E � ò �/ E � ò �6 �E Y ï;ï � � ò �� ¥ � ï E � ò �/ E � ò �6 � E � ©~© � ò �� E ò �/ E ò �6 �E � P~P ò �� ¥ � P E � ��� ò �� ¥ � � E � �!� ò �� ¥ �� E � ï;ï ò �� ¥ � ïE � ��� © P -�� © P � � � ò �� ¥ � P E ò �/ E ò �6 � E � ��� © � -�� © � � � � ò �� ¥ � � E ò �/ E ò �6 �E � ��� © � -b� © � � � � ò �� ¥ �� E ò �/ E ò �6 � E � ��� © ï -b� © ï � � � ò �� ¥ � ï E ò �/ E ò �6 �E � P~� � � ò �� ¥ � P ¥ � � E ò �/ E ò �6 � E � P~� � - � ò �� ¥ � P ¥ � � E ò �/ - ò �6 �E � P%� � ò �/ E ò �6 � E � P%� � ò �� ¥ P ¥ � - �� ò �/ E �� ò �6 E Ù � ò / ò 6 �E � P ï � � ò �� ¥ � P ¥ � ï E ò �/ E ò �6 � E � P~� � - ò �� ¥ P ¥ ï - �� ò �/ E �� ò �6 - Ù � ò / ò 6 �E � �
� � � ò �� ¥ � � ¥ �� E ò �/ E ò �6 � E � �� � - ò �� ¥ � ¥ � - �� ò �/ E �� ò �6 - Ù � ò / ò 6 �E � � ï � ò �/ E ò �6 � E � � ï � ò �� ¥ � ¥ ï - �� ò �/ E �� ò �6 E Ù � ò / ò 6 �E � � ï � � ò �� ¥ �� ¥ � ï E ò �/ E ò �6 � E � � ï � - � ò �� ¥ �� ¥ � ï E ò �/ - ò �6 �
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E �
º » f D�ð � � - � ò / ò � ¥ P ò ï - � ò / ò � ¥ � ¥ � �E �
º D f » ð � � � ò / ò � ¥ P ¥ � E � ò / ò � ¥ P ¥ ï E � ò / ò � ¥ � ¥ � E � ò / ò � ¥ � ¥ ïE � Ù � ò 6 ò � ¥ P ¥ � E � Ù � ò 6 ò � ¥ P ¥ ï E � Ù � ¥ 6 ò � ¥ � ¥ � E � Ù � ò 6 ò � ¥ � ¥ ï �E �
º ð f » D � � � ò / ò � ¥ P ¥ � E � ò / ò � ¥ � ¥ ï - � Ù � ò 6 ò � ¥ P ¥ � - � Ù � ò 6 ò � ¥ � ¥ ï �
B.7 Energy Coefficientsand the Yaffe-Goddard Form

We maysimplify theenergy expressionin theprecedingsectionby groupingtogether
thecoefficientsof like matrixelements:+ o ë=ñ �,.7r�s�s3  TH �?¹  TH�YI TH E .1rs
s3  JH © N ò  JH © N��GSGU�f ª\[ � (B.76)

TheYaffe-Goddardequationstakeanenergy expressionof theform B.76andgenerate
the RÇ JH and V� JH matricesusedto updatetheorbitalsin equations2.116–2.119.The

¹  TH
coefficientsareall zero,except:¹ © � ¹ ©~© � ò �� E ò �/ E ò �6 (B.77)¹ P � ¹ P~P � ò �� ¥ � P E �� ò �/ E �� ò �6 (B.78)¹ � � ¹ ��� � ò �� ¥ � � E �� ò �/ E �� ò �6 (B.79)¹ � � ¹ �!� � ò �� ¥ �� E �� ò �/ E �� ò �6 (B.80)¹ ï � ¹ ï;ï � ò �� ¥ � ï E �� ò �/ E �� ò �6 (B.81)

Similarly, theCijkl coefficientsareall zero,except:º ©~© � ò ©q©~©~© � ò �� E ò �/ E ò �6 (B.82)º P~P � ò PqP~P~P � ò �� ¥ � P (B.83)º ��� � ò ������� � ò �� ¥ � � (B.84)º��&� � ò �!�!�&� � ò �� ¥ �� (B.85)º ï;ï � ò ïBï;ï;ï � ò �� ¥ � ï (B.86)º © P � ò ©q© P~P � ò PqP ©~© � � ò �� ¥ � P E ò �/ E ò �6 (B.87)» © P � ò © P © P � ò P ©~© P � ò © PqP © � ò P © P © (B.88)� - �� ò �� ¥ � P - �� ò �/ - �� ò �6º © � � ò ©q© ��� � ò �� ©~© � � ò �� ¥ � � E ò �/ E ò �6 (B.89)» © � � ò © � © � � ò � ©q© P � ò © ��� © � ò � © � © (B.90)� - �� ò �� ¥ � � - �� ò �/ - �� ò �6
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º © � � ò ©q© �&� � ò �!� ©~© � � ò �� ¥ �� E ò �/ E ò �6 (B.91)» © � � ò © � © � � ò � ©~© � � ò © �&� © � ò � © � © (B.92)� - �� ò �� ¥ �� - �� ò �/ - �� ò �6º © ï � ò ©q© ï;ï � ò ïBï ©~© � � ò �� ¥ � ï E ò �/ E ò �6 (B.93)» © ï � ò © ï © ï � ò ï ©~© ï � ò © ï;ï © � ò ï © ï © (B.94)� - �� ò �� ¥ � ï - �� ò �/ - �� ò �6º P~� � ò PqP~��� � ò ����P~P � � ò �� ¥ � P ¥ � � E �� ò �/ E �� ò �6 (B.95)» P~� � ò Pq�Pq� � ò Pq���P � ò ��P~P~� � ò ��P~��P (B.96)� - �� ò �� ¥ � P ¥ � � - �� ò �/ - �� ò �6º P%� � ò PqP%�&� � ò �&��P~P � �� ò �/ E �� ò �6 (B.97)» P%� � ò P~�!P%� � ò P%�!�!P � ò ��P~P%� � ò ��P%��P (B.98)� �� ò �� ¥ � P ¥ �� - �E ò �/ E �E ò �6 E Ù �� ò / ò 6º�P ï � ò PqP ï;ï � ò ï;ï P~P � � ò �� ¥ � P ¥ � ï E �� ò �/ E �� ò �6 (B.99)» P ï � ò P ï P ï � ò P ïBï P � ò ï P~P ï � ò ï P ï P (B.100)� - �� ò �� ¥ � P ¥ � ï - �E ò �/ E �E ò �6 - Ù �� ò / ò 6º �� � ò ����!� � ò �!�!��� � � ò �� ¥ � � ¥ �� E �� ò �/ E �� ò �6 (B.101)» �� � ò ����� � ò ��&��P � ò ����� � ò ����!� (B.102)� - �� ò �� ¥ �� ¥ � � - �E ò �/ E �E ò �6 - Ù �� ò / ò 6º�� ï � ò ��� ï;ï � ò ïBï ��� � �� ò �/ E �� ò �6 (B.103)» � ï � ò � ï � ï � ò � ï;ï � � ò ï ��� ï � ò ï � ï � (B.104)� �� ò �� ¥ � � ¥ � ï - �E ò �/ E �E ò �6 E Ù �� ò / ò 6º�� ï � ò �!� ï;ï � ò ï;ï �!� � � ò �� ¥ �� ¥ � ï E �� ò �/ E �� ò �6 (B.105)» � ï � ò � ï � ï � ò � ïBï � � ò ï �!� ï � ò ï � ï � (B.106)� - �� ò �� ¥ �� ¥ � ï - �� ò �/ - �� ò �6ò P~�� ï � ò Pq� ï � � ò ��P%� ï � ò ��P ï � � ò � ï P~� (B.107)� ò � ï ��P � ò ï ��P~� � ò ï ���P� - �� ò � ¥ P ¥ ï ò / - �� ò � ¥ � ¥ � ò /ò P%��� ï � ò P~� ï � � ò ��P~� ï � ò �!P ï � (B.108)
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� ò � ï P~� ò � ï ��P � ò ï ��P%� � ò ï ���P� �� ò � ¥ P ¥ � ò / E �� ò � ¥ P ¥ ï ò / E �� ò � ¥ � ¥ � ò /E �� ò � ¥ � ¥ ï ò / E Ù �� ò � ¥ P ¥ � ò 6 E Ù �� ò � ¥ P ¥ ï ò 6E Ù �� ò � ¥ � ¥ � ò 6 E Ù �� ò � ¥ � ¥ ï ò 6ò P ï �� � ò P ï �!� � ò ï P~�� � ò ï P%��� (B.109)� ò ���P ï ò �� ï P � ò �!��P ï � ò ��� ï P� �� ò � ¥ P ¥ � ò / E �� ò � ¥ � ¥ ï ò /E Ù �� ò � ¥ P ¥ � ò 6 E Ù �� ò � ¥ � ¥ ï ò 6
The

¹  (onesubscript),º� TH , and
»  TH termsareincludedherebecauselaterthey will make

theorbital optimizationequationsconsiderablyeasierto interpret.Usingtheseterms,
wemayrewrite theRCI energy as:+ o ë«ñ � ��¹ © Y ©~© E ��¹ P'YdP~P E �?¹ �BYd��� E ��¹ ��YI�!� E �?¹ ï Y ïBï (B.110)E º ©~© � ©~© E º�P~P � P~P E º��� � ��� E º��&� � �!� E º ï;ï � ïBïE � º © P � © P E���» © P � © P E � º © � � © � E���» © � � © �E � º © � � © � E���» © � � © � E � º © ï � © ï E���» © ï � © ïE � º�P~� � P~� E���» P~� � P~� E � º�P%� � P~� E���» P%� � P%�E � º�P ï � P ï E���» P ï � P ï E � º��
� � �� E���» �� � ��E � º � ï � � ï E���» � ï � � ï E � º � ï � � ï E���» � ï � � ïE E ò P~�� ï ��º » f D�ð � E E ò P%��� ï ��º D f » ð � E E ò P ï �� �
º ð f » D �
Note that the two electronoperatorsdo not have the usual

��� -ê� form here. This
is becausethe coefficients have beenadjustedto make the overall energy equation
compatiblewith B.76,whichis necessaryfor theorbitaloptimizationequations,below.

B.8 GVB-RCI Orbital Optimization

Becausewe can write the energy expressionin the form of equationB.76, we may
usethe Yaffe-Goddardequations[6] to updatethe RCI orbitals. The Yaffe-Goddard
Equationsare a generalprocedurefor computingthe orbital optimizationequations
given an energy expression. Given a setof trial orbitals Ò'cdÕ N5"?Ô , the optimal setof
orbitals Ò'c . MOÓxÔ areobtainedvia thetransformation� c . MOÓ � �,Ö~×�Ø � Æ � � c Õ NA" � (B.111)
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where � cdÕ N5" � and � c . MOÓ � arethematriceswhosecolumnsaretheorbitals Ò�c§Õ N5"?Ô andÒ'c . MOÓxÔ . Æ is theanti-symmetricmatrixwith zerodiagonaldefinedbyÆ � Ë Ì < ÍÏÎK ÍÏÎ- <jÍTÎK ÍTÎ Ì Ð (B.112)

where R  JH containstermsof first-orderin orbital mixing, and V  TH containstermsof
second-orderin orbital mixing.

The following modifiedFock operatorsareuseful in simplifying the orbital opti-
mizationequations� © � ¹ uOÂ E º ©q© � © E º © P � P E � » © P � P E º uO� � � E � » © � � � (B.113)E º © � � � E � » © � � � E º © ï � ï E � » © ï � ï� P � ¹ P~Â E º © P � © E � » © P � © E º�P~P � P E º�P~� � � (B.114)E � » P~� � � E º�P%� � � E � » P~� � � E º�P ï � ï E � » P ï � ï� � � ¹ ��Â E º © � � © E � » © � � © E º�P~� � P E � » P~� � P (B.115)E º���� � � E º��� � � E � » �
� � � E º�� ï � ï E � » � ï � ï� � � ¹ �!Â E º © � � © E � » © � � © E º�P%� � P E � » P%� � P (B.116)E º��� � � E � » �� � � E º��!� � � E º�� ï � ï E � » � ï � ï� ï � ¹ ï Â E º © ï � © E � » © ï � © E º P ï � P E � » P ï � P (B.117)E º � ï � � E � » � ï � � E º � ï � � E � » � ï � � E º ï;ï � ï
Thefollowing definitionsarealsouseful:É  TH � � ��º  5 E º HOH - � º  JH � �  JH E � »  A EÁ» HOH - � »  TH � � �  JH E �  JH � (B.118)+ P~�� ï � � ò P~�� ï ��º » f D�ð � E � ò P%�!� ï �
º D f » ð � E � ò P ï ����
º ð f » D � (B.119)

With thesedefinitions,wenow definetheorbitaloptimizationequations.

B.8.1 Active-Core MixingR�P © � � ©P © - � PP © - � ò P~�� ï � D�ð f » ª � (B.120)- � ò P~�!� ï � » ð f D ª � - � ò P ï ��?� » D f ð ª �V P © � � ©©~© - � ©P~P - � P©q© E � PP~P - É P © E + P~�� ï (B.121)R � © � � ©� © - � �� © - � ò Pq�
� ï � D�ð f º�ª � (B.122)- � ò P~�!� ï ��º ð f D ª � - � ò P ï �� �
º D f ð ª �V � © � � ©©~© - � ©��� - � �©~© E � ���� - É � © E + P~�� ï (B.123)RÈ� © � � ©� © - � �� © - � ò P~�� ï �
º ð f » ª � (B.124)- � ò P~�!� ï � » ð f D ª � - � ò P ï ��?��º » f ð ª �VÇ� © � � ©©~© - � ©�!� - � �©~© E � ��&� - É � © E + P~�� ï (B.125)R ï © � � ©ï © - � ïï © - � ò P~�� ï � » D f º�ª � (B.126)- � ò P~�!� ï ��º D f » ª � - � ò P ï ��?��º » f D ª �V ï © � � ©©~© - � ©ï;ï - � ï©~© E � ïï;ï - É ï © E + Pq�
� ï (B.127)
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B.8.2 Active-Active MixingRÇ��P � � PP~� - � �P~� - � ò P~�� ï � � P� ï - � �� ï � (B.128)- � ò P~�!� ï � � P� ï -b� �� ï � - � ò P ï �
�?� � P� ï -b� �� ï �V���P � � PP~P - � �P~P - � P��� E � ���� - É P~� E E ò P~�� ï �
º » f D�ð � (B.129)EÇ� � ò P%��� ï E ò P ï �� � � �
º D f » ð � E ��º ð f » D �O�R �!P � � PP%� - � �P~� - � ò Pq�
� ï � � P� ï - � �� ï � (B.130)- � ò P~�!� ï � � P� ï - � �� ï � - � ò P ï �� � � P� ï -b� �� ï �V �!P � � PP~P - � �P~P - � P�!� E � ��!� - É P%� E E ò P%��� ï ��º D f » ð � (B.131)EÇ� � ò P~�� ï E ò P ï �� � � �
º » f D�ð � E ��º ð f » D �O�R ï P � � PP ï - � ïP ï - � ò P~�� ï � � P�� -�� ï�� � (B.132)- � ò P~�!� ï � � P�
� -�� ï�� � - � ò P ï �
��� � P�
� - � ï�� �V ï P � � PP~P - � ïP~P - � Pï;ï E � ïï;ï - É P ï E E ò P ï ����
º ð f » D � (B.133)EÇ� � ò P~�� ï E ò P%�!� ï � � �
º » f D�ð � E ��º D f » ð �O�RÇ�!� � � ��� - � ��� - � ò P~�� ï � � �P ï -�� �P ï � (B.134)- � ò P~�!� ï � � �P ï -b� �P ï � - � ò P ï ��?� � �P ï - � �P ï �V ��� � � ���� - � ���� - � ��&� E � ��&� - É �� E E ò P ï �
� ��º ð f » D � (B.135)EÇ� � ò P~�� ï E ò P%�!� ï � � �
º » f D�ð � E ��º D f » ð �O�R ï � � � �� ï - � ï� ï - � ò P~�� ï � � �P~� -b� ïP~� � (B.136)- � ò P~�!� ï � � �P%� -b� ïP%� � - � ò P ï �� � � �P%� - � ïP~� �V ï � � � ���� - � ï��� - � �ï;ï E � ïï;ï - É � ï E E ò P%��� ï ��º D f » ð � (B.137)EÇ� � ò P~�� ï E ò P ï �� � � �
º » f D�ð � E ��º ð f » D �O�RÈ� ï � � �� ï - � ï� ï - � ò P~�� ï � � �P~� - � ïP~� � (B.138)- � ò P~�!� ï � � �P~� -�� ïP~� � - � ò P ï ���� � �P~� -�� ïP~� �VÇ� ï � � ��&� - � ï�&� - � �ï;ï E � ïï;ï - É � ï E E ò Pq�
� ï ��º » f D�ð � (B.139)EÇ� � ò P%��� ï E ò P ï �� � � �
º D f » ð � E ��º ð f » D �O�
B.8.3 Occupied-Virtual MixingR _~© � � ©©`_ (B.140)V _~© � � ©©~© - � ©_`_ - É ©|_ (B.141)R _ P � � PP _ E � ò P~�� ï � D�ð f »�� � E � ò P%��� ï � » ð f D � � E � ò P ï ��?� » D f ð � � (B.142)V _ P � � PP~P - � P_`_ - É P _ E + P~�� ï (B.143)R _ � � � �� _ E � ò Pq�
� ï � D�ð f º � � E � ò P%��� ï ��º D f ð � � E � ò P ï ��?��º ð f D � � (B.144)V _ � � � ���� - � �_`_ - É � _ E + P~�� ï (B.145)R _ � � � �� _ E � ò P~�� ï ��º » f ð � � E � ò P%��� ï � » ð f º � � E � ò P ï �� ��º ð f D � � (B.146)V _ � � � ��!� - � �_`_ - É � _ E + P~�� ï (B.147)
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R _ ï � � ïï _ E � ò P~�� ï �
º » f D � � E � ò P%��� ï ��º D f »�� � E � ò P ï ��?� » D f º � � (B.148)V _ ï � � ïï;ï - � ï_`_ - É ï _ E + P~�� ï (B.149)

B.9 Operators Required For GVB-RCI

TheHartree-Fockwave function ) �x� � f ª �ªXº �º » �» � (B.150)

requiresthecomputationof theone-electronoperatorY , andthetwo-electronoperators� P , � P , � � , and � � —a total of D ü � elements.Whenthe two orbitals c P and c � are
correlatedusingtwo GVB pairs,theresultingGVB wave function) à Û K � ¥ �q6 ¥ � � f ª �ª�º �º » � » � E ¥ �~6 ¥ å � f ª �ª�º �º ð �ð � (B.151)E ¥ å�6 ¥ � � f ª �ª D �D » � » � E ¥ å�6 ¥ å � f ª �ª D �D�ð �ð �
requirescomputationof theabove operators,plus the two-electronoperators

� � , ��� ,� ï , and � ï —for a total of � ü � elements.Fromthe precedingsection,it is clearthat
whenthe GVB pairsarereplacedby RCI pairs,the resultingwave function requires,
in additionto theoperatorsrequiredby theGVB wave function,thetwo-electronele-
ments ��º » f D ù � , �
º » f ð ù � , �
º D f » ù � , �
º D f ð ù � , �
º ð f » ù � , �
º ð f D ù � , � » D f º�ù � , � » D f ð ù � , � » ð f º�ù � ,� » ð f D ù � , � D�ð f º�ù � , and � D�ð f » ù � , where ù rangesover all occupiedandvirtual orbitals.
This is a mere � � ü elements,negligible in termsof memoryand computationtime
comparedto the � ü � elementsalreadyrequiredby theGVB wave function.

B.10 Conclusions

GVB-RCI wave functionsarethenext logical stepbeyondGVB-PPwave functionsin
termsof theamountof electroncorrelationincludedin thewavefunction.For thetwo-
pair, closed-shellcase,the GVB-RCI wave function the form in equationB.16. The
GVB CI coefficientsarechosensothat interactionbetweenthe f ahf � termsin a pair is
negligible with all other f a�a � or f fif � terms. Hence,the only termsin the GVB-RCI
energy expressionthatdiffer from the GVB-PPenergy expressionarethe interaction
betweenthetwo f a�f � termsof differentpairs.Theresultingenergy expressionhasthe
form of equationB.76. By properassignmentof coefficients,equationB.76 may be
put in theform of equationB.76,wheretheYaffe-Goddardequationsmaybeusedto
obtain the orbital optimizationequationsin SectionsB.8.1–B.8.3. Inspectionof the
energy expressionB.76andtheorbitaloptimizationequationsin SectionsB.8.1–B.8.3
show thatGVB-RCI requiresonly anadditional � � ü two-electronintegralsbeyondthe� ü � integralsrequiredby the two-pair GVB-PPwave function in equationB.2. Thus
theadditionalexpenserequiredby theGVB-RCI wave functionis negligible.
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